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Figure A1. A697; from left to right and top to bottom we show the deconvolved image of the cluster, the processed image of the cluster, the residual map between
the processed image of the cluster and the best-fit elliptical Nagai model, one of the 1000 noise realizations for the processed data, and a binned radial profile. The
contour lines represent an S/N of 2, 4, . . .

(A color version of this figure is available in the online journal.)

6.1. Model Dependence of Results

Since we compute the transfer function for each cluster
using the best-fit elliptical Nagai model for that cluster, our
deconvolved images necessarily have some model dependence.
In order to quantify the amount of model dependence, we have
computed transfer functions for a range of elliptical Nagai
models for one of the clusters in our sample, MS 0451.6−0305.
Relative to the best-fit model, we have varied the scale radius, rs,
the ellipticity, ϵ, the position angle, θ , and the centroid location,
δR.A. and δdecl., by increasing and decreasing each parameter
individually by its 1σ uncertainty.8 We then deconvolved our
processed map of MS 0451.6−0305 using the transfer function
computed from each model and subtracted the resulting map
from the one produced using the transfer function for the best-fit
model. In each case, the residual map was approximately white,

8 The power-law slopes (A, B, and C) were held fixed for all of our model fits.
Due to the large degeneracy between these values and rs, we have effectively
included variations in the power-law slopes by varying the value of rs.

with an rms of 1.5, 0.6, and 0.5 µKCMB for variations in rs and
ϵ, θ , and δR.A. and δdecl., respectively. Since the typical noise
rms of our deconvolved maps is ≃10 µKCMB, the additional
rms introduced by our uncertainty in determining the model
used for calculating a transfer function is quasi-negligible. Note
that the best-fit elliptical Nagai model will not provide an exact
description of a real cluster. However, the elliptical Nagai model
does provide an adequate description of four of the five clusters
we have observed, indicating that the difference between the true
cluster profile and the model profile is in general less than our
noise. Therefore, the artifacts in our deconvolved map produced
by using a model to describe the cluster will be smaller than
the artifacts produced by our measurement uncertainty on the
best-fit model.

Additionally, we created a deconvolved map of MS
0451.6−0305 using the transfer function for a point-like source.
The resulting profile is significantly different from the profile
obtained using the transfer function for the best-fit Nagai model,
indicating that the naive calculation of a transfer function using a
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SZ
[Sayers et al. 2011]

galaxies
Abell1689

observationally
there is evidence for clusters not being 

spherical objects
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Fig. 6 2D mass enclosed within a circular aperture of radius R from lensing data (points with
error bars), from an X-ray only analysis under the assumption of spherical geometry (solid
line with the 1σ error grey shaded region), and from a joint X-ray+lensing analysis taking into
account the 3D geometry (dot-dashed line with the 1σ error cray shaded region). In this latter
case, we see that both estimates agree with each other. (Result from Morandi et al. 2011a, but
updated within the full triaxial framework presented in Section 4).

The minor-major axis ratio is found in agreement with the findings by Morandi et al.
(2011b), confirming a triaxial shape; yet, the value of the concentration parameter
(c200 = 7.3± 0.8) is a bit larger than the values presented in this review (Table 1).

Regarding the mass discrepancy, the triaxial model proposed by Morandi et al.
(2011b), as well as its extension presented in this review, is able to solve the X-
ray/lensing mass discrepancy. We plot in Fig. 6 the comparison between the 2D masses
inferred from X-ray and lensing under spherical and triaxial models.

We have illustrated that a triaxial mass model for Abell 1689 is able to reconcile
mass estimates from different probes, as well as to reproduce the large Einstein radius
using ΛCDM friendly parameters. It is worth noting that the value of the inner slope of
the dark matter density profile, γ, also depends on the adopted geometry. Considering
Abell 1689, a standard spherical modelling leads to γ = 1.16 ± 0.04, whereas we find
γ = 0.92 ± 0.07 using a triaxial mass model (Table 1).

5.3 The ICM Properties in a Triaxial Framework

The ICM of Abell 1689 within a triaxial model has also been the subject of interest.

(Morandi et al. 2011, Limousin et al. 2013)

Mass estimates from observations may depend on the orientation of the 
halo along the line of sight, causing biases

In simulations we find triaxial haloes, with a preference for prolate shapes. 
The shape depends on distance from the center, presence of substructures, …

Example of Abell 1689: considering triaxiality allowed to solve  the puzzle and 
match M(lensing) with M(x-rays)



DM haloes identification

� = �vir

Ellipsoidal 
Overdensity

 Haloes are identified 
through their overdensity 

to the background field

We grow ellipsoidal shells 
around the center and stop 
at the virial overdensity

5

(Despali, Tormen, 
Sheth MNRAS 2013)



Ellipsoidal collapse model

(Despali, Tormen, Sheth MNRAS 2013)
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• Spherical collapse
• Ellipsoidal collapse : triaxial shapes

(White&Silk 1979,Sheth et al.1999-2001,
Ludlow&Porciani2014)

help from theory:

theoretical model
1.  haloes approximated by triaxial ellipsoids at 

all stages of evolution
2.  massive haloes are more elongated than 

small ones

cluster-size haloes can be VERY triaxial



Resulting shapes
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(Despali, Tormen, Sheth MNRAS 2013)



 their shape can by described by the three 
axes of the ellipsoid 

and by ellipticity and prolateness:
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Resulting shapes

(Despali, Tormen, Sheth MNRAS 2013)



Resulting shapes

haloes ranging from 1011 to 1014 solar masses
9

(Despali, Tormen, Sheth MNRAS 2013)



Resulting shapes

(Bonamigo, GD, et al. 2014, submitted to MNRAS)

only cluster-size haloes -> Millennium XXL simulations
10



Predictions for triaxial haloes

(Despali, Giocoli, Tormen, MNRAS 2014)
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Halo Shapes Evolution 3

⌦m ⌦⇤ H[km s

�1] box [Mpc h

�1] zi N mp[M�h

�1] soft [kpc h

�1] �8 M⇤(0)[1012M�h

�1]

GIF2 0.3 0.7 70 110 49 4003 1.73⇥ 109 6.6 0.9 8.9
Baby 0.307 0.693 67.7 100 99 5123 6.36⇥ 108 5 0.829 4.9

Flora 0.307 0.693 67.7 2000 99 10243 6.35⇥ 1011 48 0.829 4.9

Table 1. Main features of the three simulations used in this work.

Figure 1. Halo mass function of the three simulations at
four di↵erent z, obtained with the EO halo finder. Di↵er-
ent data points and colors show the results for the three
di↵erent simulations, and the error bars represent the
Poisson uncertainty. The solid and dashed curves repre-
sent, respectively, the theoretical prediction for the GIF2
and Planck cosmology given by Sheth & Tormen (1999)
mass function (ST99). The lower panel show the relative
residuals between the halo abundance obtained with the
EO and the SO finder for the three simulations at z = 0.

(http://www.mpa-garching.mpg.de/gadget). Flora follows
10243 particles in a periodic box of 2h�1 Gpc from z = 99,
with the same cosmological model of the previous one. The
particle mass is 6.35⇥1011h�1

M� and has been run mainly
to have a larger statistic for massive clusters-size haloes.

The combined use of two di↵erent cosmological mod-
els will allow us to shed more light on the possible depen-
dence of the evolution of halo shape and evolution as a
function of cosmological parameters. In Table 1 we sum-
marize the parameters with which the three simulations
have been run. For example, we see how the di↵erence in
cosmology produces a di↵erence in M⇤ - the typical mass
of haloes forming at the present time, which is identified
by ⌫ = ⌫(z) = �c(z)/�(M) = 1, where �

2(M) represents
the variance in the initial density fluctuation field when
smoothed on scale R = (3M/4⇡⇢̄)1/3 and �c(z) is the linear
overdensity threshold for collapse extrapolated at redshift z.
At z = 0 for the GIF2 simulation M⇤ = 8.9 ⇥ 1012M�h

�1,
while for Baby M⇤ = 4.9⇥ 1012M�h

�1 due to the di↵erent
cosmological model.

2.1 Post-processing pipeline

At each simulation snapshot we first identified dark mat-
ter haloes as peaks in the density field adopting a Spherical
Overdensity (hereafter SO) algorithm: we estimated the lo-
cal dark matter density at the position of each particle by
calculating the distance to the tenth closest neighbour and
we assigned to each particle a local density ⇢ / d

�3
10th. Sort-

ing particles in density, we choose as centre of the first halo
the position of the densest particle. We then grow a sphere of
matter around this centre and stop when the density within
the sphere falls below the virial value appropriate for the cos-
mological model at that redshift; for the definition of virial
density we adopted the model of Eke et al. (1996). Proper-
ties of all systems with more than 10 particles are stored by
our halo finder (Tormen et al. 2004; Giocoli et al. 2008). In
this way, for the three simulations, we obtain a catalogue of
spherical virialized haloes for each snapshot.

Even if the SO algorithm has been proven to work very
well in identifying haloes and it has also been shown that
spherical haloes can be used to estimate the halo mass func-
tion and other properties quite precisely, it is also true that
it is more realistic to describe haloes as triaxial ellipsoids,
as within the context of the Ellipsoidal Collapse (hereafter
EC) model (White & Silk (1979), Bond & Myers (1996),
Sheth et al. (2001)). This is motivated by the fact that
haloes are not isolated systems and that the surrounding
gravitational field influences them during their collapse and
formation phases; moreover during their hierarchical growth
they experience di↵erent merging. All these e↵ects stretch
and modify the halo shape.

Thus, an ellipsoidal halo finder is particularly useful
when one wants to study halo shapes, which are obviously
more sensible than any other properties to the way in which
haloes are identified. For this reason, after the SO algo-
rithm we ran the Ellipsoidal Overdensity (hereafter EO)
code described in Despali et al. (2013): it re-identifies all
haloes previously found by the SO algorithm using an it-
erative method to obtain the best fitting ellipsoid to the
particle distribution; still, halo boundaries are chosen using
the virial overdensity. Note that, in principle, the EO
algorithm could run on any pre-existing halo cata-
logue: we chose to use a combination of SO+EO al-
gorithms to be more consistent, since both method
define haloes using a particular shape and since we
need to grow a sphere as a first step of the EO (for
the starting guess on the shape). We then calculated
the mass tensor M↵� defined by the N particles found inside
the ellipsoid as:

M↵� =
1
N

NX

i=1

ri,↵ri,� (1)

where ri is the position vector of the ith particle and ↵ and
� are the tensor indices. By diagonalizing M↵� we then ob-

c� 2010 RAS, MNRAS 000, 1–11



Predictions for triaxial haloes

⌫ =
�c
�

(Despali, Giocoli, Tormen, MNRAS 2014)

(z,cosm)
(M,cosm)
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(Despali, Giocoli, Tormen, MNRAS 2014)
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Predictions for triaxial haloes

(Despali, Giocoli, Tormen, 
MNRAS 2014)
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(Despali, Giocoli, Tormen, 
MNRAS 2014)
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Predictions for triaxial haloes

(Despali, Giocoli, Tormen, 
MNRAS 2014)
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Predictions for triaxial haloes
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MNRAS 2014)
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1° step: linear universal relations that can be used to convert from one cosmology to the 
other and to extract predictions for a certain mass

 (median & scatter)



Cluster haloes: MXXL
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[ Angulo, Springel, White et al, 2012 ]

300 billions DM particles, 3 Gpc/h, 
ΩΩM = 0.25, ΩΩL = 0.75

~ 780 000 cluster-size haloes
M > 1014 Msun



Cluster haloes: MXXL

(Bonamigo, GD, et al. 2014 - submitted to MNRAS)
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~ 780 000 cluster-size haloes
M > 1014 Msun

relaxed haloes: center distance from the 
most bound particles < 0.05



(Bonamigo, GD, et al. 2014 - submitted to MNRAS)
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Figure 7. Distribution of the scaled axial ratio s̃ for masses

shown in Table 2. It can be easily seen that the distributions

at all masses are well represented by an unique fitting function.

this e↵ect is due to the rescaling. Nevertheless, one can
argue that s̃ represents the physical axis ratio at ⌫ = 1
(M = 5.8 ⇥ 1012h�1M�); still, this rescaling has been ob-
tained only for M > 6 ⇥ 1013h�1

M�, leaving the unscaled
axis ratio well within the physically meaningful boundaries.
We have chosen to fit the minor to major axis ratio using a
log-normal distribution:

p(x, µ,�) =
1

x

p
2⇡�

exp

✓
� (lnx� µ)2

2�2

◆
, (4)

which correspond to the probability distribution function of
a variable which is normally distributed in the logarithmic
space. The parameters of the fitted function are the follow-
ing:

µ =� 0.49

� = 0.20;
(5)

they can be converted to more familiar quantities:

median = e

µ = 0.61,

std =
q

(e�2 � 1)e2µ+�2 = 0.75 .

(6)

In this framework, if one is interested in the median
value and dispersion, can just rearrange the rescaling rela-
tion to obtain s = 0.61 (⌫)�0.255 with a standard deviation
of 0.75. On the other hand, we can use the fit to obtain the
whole distribution for a given mass. For example, to use it
as a prior distribution of the minor to major axis ratio, one
draws a value x from a normal (gaussian) distribution with
mean µ = �0.49 and standard deviation � = 0.20, the scaled
axis ratio is then e

x (or directly extract s̃ from a lognormal
distribution); inverting the rescaling relation one can obtain
the axis ratio of the halo at a given peak height, which can
be subsequently converted in mass for a given consmology
at a given redshift.

3.3 Axis ratio distribution: intermediate to major

Once we are able to describe s as a function of mass we
can look at the correlation between the two axial ratios. For

Figure 9. Parameters of the fitted beta functions. Red is the

mean of the distribution, in blue the second parameter �.

construction, q is always greater (or equal) than s; also it is
always less than 1. These limits have the e↵ect of distorting
the distribution of intermediate to major axis ratio in a way
that depends directly on s. To avoid this problem we use the
rescaled quantity q̃ = (q � s)/(1 � s) instead of the simple
axial ratio (Schneider et al. 2012), curing the issues of a
limited interval; the correlation between the rescaled second
axial ratio and s can be seen in the left panel of Figure 8,
where are shown medians (red error bars) and quartiles (box
and whiskers plot) for di↵erent values of the first axis ratio.
We have divided q̃ in bins of di↵erent s and extracted the
distributions p(q̃|s) (right panel of Fig. 8). From both plots,
it is quite evident that q̃ strongly depend on the first axial
ratio, with higher values at higher s, which is in agreement
with haloes that tend to be prolate. Moreover the scatter is
larger at higher s, though this is mostly due to the rescaling
which extends the allowed interval of q̃.

Because of the strong correlation between q̃ and s, we
can not just give q̃ as a function of mass: to obtain the second
axis ratio distribution for a given mass, we have to describe
p(q̃|s) and then get the first axis ratio from its distribution
at di↵erent masses (as shown in Section 3.2). Given the large
di↵erences in the shapes of the distributions of q̃ at a given
s, the rescaling needed to reduce them to a single one needs
to be much more complex than the one adopted in the last
section. Instead of doing so, we fit each single histogram
with a di↵erent beta distribution, which has the following
analytical expression:

p(x,↵,�) =
1

B(↵,�)
x

↵�1(1� x)��1

. (7)

This function has two shape parameters ↵ and �; the factor
1/B(↵,�) is a normalisation constant that can be computed
by requiring that the integral of the probability distribution
function is equal to unity.

From the fitting procedure we obtained a pair of pa-
rameters for each bin in s; however ↵ has a complicated
dependence on the first axial ratio (almost constant with
an average value of ↵ = 2.15), while the mean value of the
beta distributions µ = 1/(1 + �/↵) follows a linear relation.
Figure 9 shows the dependence of the mean µ (red squares
on left panel) and � parameter (blue circles on right panel)

c� 2014 RAS, MNRAS 000, 1–11
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at di↵erent masses (as shown in Section 3.2). Given the large
di↵erences in the shapes of the distributions of q̃ at a given
s, the rescaling needed to reduce them to a single one needs
to be much more complex than the one adopted in the last
section. Instead of doing so, we fit each single histogram
with a di↵erent beta distribution, which has the following
analytical expression:

p(x,↵,�) =
1

B(↵,�)
x

↵�1(1� x)��1

. (7)

This function has two shape parameters ↵ and �; the factor
1/B(↵,�) is a normalisation constant that can be computed
by requiring that the integral of the probability distribution
function is equal to unity.

From the fitting procedure we obtained a pair of pa-
rameters for each bin in s; however ↵ has a complicated
dependence on the first axial ratio (almost constant with
an average value of ↵ = 2.15), while the mean value of the
beta distributions µ = 1/(1 + �/↵) follows a linear relation.
Figure 9 shows the dependence of the mean µ (red squares
on left panel) and � parameter (blue circles on right panel)
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Figure 6. (logarithmic) Distribution of s as function of peak

height: the black boxes and whiskers represent the quartiles and

1.5 the quartiles range of the combined distributions. The hor-

izontal error shows the di↵erent bins, while the green solid line

is the linear fit to the medians. Red squares and blue circles are

redshift 0 and 1 sub-samples.

Figure 7. Distribution of the scaled axial ratio s̃ for masses

shown in Table 2. It can be easily seen that the distributions

at all masses are well represented by an unique fitting function.

median axis ratio at M?: s̃(M?) = 10b = 0.61± 0.01, which
however does not enter directly in the following relations.
The fit yields to a scaled axis ratio of:

s̃ = s⌫0.255; (3)

as ⌫ takes care of any time and cosmology dependence, this
rescaling is valid also for di↵erent redshifts and cosmologies.

As Figure 7 shows, distributions of the rescaled axis ra-
tios (coloured histograms) are nearly indistinguishable from
each other, meaning that we have eliminated all the depen-
dence on the mass, in contrast with the findings of Schnei-
der et al. (2012). Moreover, we were not able to fit the his-
togram of s̃ with a beta distribution. As it can be seen in
Figure 7, the distributions are non zero at values greater
than s̃ = 1; this does not mean that there are haloes
with axis ratio greater than 1: s̃ is not a physical quan-

tity, this e↵ect is due to the rescaling. Nevertheless, one can
argue that s̃ represents the physical axis ratio at ⌫ = 1
(M = 5.8 ⇥ 1012 M�h

�1); still, this rescaling has been ob-
tained only for M > 1014 M�h

�1, leaving the unscaled axis
ratio well within the physically meaningful boundaries. We
have chosen to fit the minor to major axis ratio using a
log-normal distribution:

p(x, µ,�) =
1

x
p
2⇡�

exp

✓
� (lnx� µ)2

2�2

◆
, (4)

which corresponds to the probability distribution function
of a variable which is normally distributed in the logarith-
mic space. The parameters of the fitted function are the
following:

µ =� 0.49

� = 0.20;
(5)

they can be converted to more familiar quantities:

median = eµ = 0.61,

std =
q

(e�2 � 1)e2µ+�2 = 0.13 .
(6)

In this framework, for a simple analysis, one can just
use the scaled median value s̃ = 0.61 with asymmetric quar-
tiles at 0.53 and 0.70; then use eq. (3) to obtain the physical
value: s = s̃ (⌫)�0.255. On the other hand, it is possible to use
the fit to obtain the whole distribution for a given mass. For
example, to use it as a prior distribution of the minor to ma-
jor axis ratio, one draws a value x from a normal (Gaussian)
distribution with mean µ = �0.49 and standard deviation
� = 0.20, the scaled axis ratio is then ex (or directly extract
s̃ from a lognormal distribution); inverting the rescaling re-
lation one can obtain the axis ratio of the halo at a given
peak height, which can be subsequently converted in mass
for a given cosmology at a given redshift.

3.3 Axis ratio distribution: intermediate to major

Once we are able to describe s as a function of mass we
can look at the correlation between the two axial ratios. For
construction, q is always greater (or equal) than s; also it is
always less than 1. These limits have the e↵ect of distorting
the distribution of intermediate to major axis ratio in a way
that depends directly on s. To avoid this problem we use the
rescaled quantity q̃ = (q � s)/(1 � s) instead of the simple
axial ratio (Schneider et al. 2012), eliminating the issues of a
limited interval; the correlation between the rescaled second
axial ratio and s can be seen in the left panel of Figure 8,
where are shown medians (red error bars) and quartiles (box
and whiskers plot) for di↵erent values of the first axis ratio.
We have divided q̃ in bins of di↵erent s and extracted the
distributions p(q̃|s) (right panel of Fig. 8). From both plots,
it is quite evident that q̃ strongly depends on the first axial
ratio, with higher values at higher s, which is in agreement
with haloes that tend to be prolate. Moreover the scatter is
larger at higher s, though this is mostly due to the rescaling
which extends the allowed interval of q̃.

Because of the strong correlation between q̃ and s, we
can not just give q̃ as a function of mass: to obtain the second
axis ratio distribution for a given mass, we have to describe
p(q̃|s) and then get the first axis ratio from its distribution
at di↵erent masses (as shown in Section 3.2). Given the large
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Figure 7. Distribution of the scaled axial ratio s̃ for masses

shown in Table 2. It can be easily seen that the distributions

at all masses are well represented by an unique fitting function.

this e↵ect is due to the rescaling. Nevertheless, one can
argue that s̃ represents the physical axis ratio at ⌫ = 1
(M = 5.8 ⇥ 1012h�1M�); still, this rescaling has been ob-
tained only for M > 6 ⇥ 1013h�1

M�, leaving the unscaled
axis ratio well within the physically meaningful boundaries.
We have chosen to fit the minor to major axis ratio using a
log-normal distribution:

p(x, µ,�) =
1

x

p
2⇡�

exp

✓
� (lnx� µ)2

2�2

◆
, (4)

which correspond to the probability distribution function of
a variable which is normally distributed in the logarithmic
space. The parameters of the fitted function are the follow-
ing:

µ =� 0.49

� = 0.20;
(5)

they can be converted to more familiar quantities:

median = e

µ = 0.61,

std =
q

(e�2 � 1)e2µ+�2 = 0.75 .

(6)

In this framework, if one is interested in the median
value and dispersion, can just rearrange the rescaling rela-
tion to obtain s = 0.61 (⌫)�0.255 with a standard deviation
of 0.75. On the other hand, we can use the fit to obtain the
whole distribution for a given mass. For example, to use it
as a prior distribution of the minor to major axis ratio, one
draws a value x from a normal (gaussian) distribution with
mean µ = �0.49 and standard deviation � = 0.20, the scaled
axis ratio is then e

x (or directly extract s̃ from a lognormal
distribution); inverting the rescaling relation one can obtain
the axis ratio of the halo at a given peak height, which can
be subsequently converted in mass for a given consmology
at a given redshift.

3.3 Axis ratio distribution: intermediate to major

Once we are able to describe s as a function of mass we
can look at the correlation between the two axial ratios. For

Figure 9. Parameters of the fitted beta functions. Red is the

mean of the distribution, in blue the second parameter �.

construction, q is always greater (or equal) than s; also it is
always less than 1. These limits have the e↵ect of distorting
the distribution of intermediate to major axis ratio in a way
that depends directly on s. To avoid this problem we use the
rescaled quantity q̃ = (q � s)/(1 � s) instead of the simple
axial ratio (Schneider et al. 2012), curing the issues of a
limited interval; the correlation between the rescaled second
axial ratio and s can be seen in the left panel of Figure 8,
where are shown medians (red error bars) and quartiles (box
and whiskers plot) for di↵erent values of the first axis ratio.
We have divided q̃ in bins of di↵erent s and extracted the
distributions p(q̃|s) (right panel of Fig. 8). From both plots,
it is quite evident that q̃ strongly depend on the first axial
ratio, with higher values at higher s, which is in agreement
with haloes that tend to be prolate. Moreover the scatter is
larger at higher s, though this is mostly due to the rescaling
which extends the allowed interval of q̃.

Because of the strong correlation between q̃ and s, we
can not just give q̃ as a function of mass: to obtain the second
axis ratio distribution for a given mass, we have to describe
p(q̃|s) and then get the first axis ratio from its distribution
at di↵erent masses (as shown in Section 3.2). Given the large
di↵erences in the shapes of the distributions of q̃ at a given
s, the rescaling needed to reduce them to a single one needs
to be much more complex than the one adopted in the last
section. Instead of doing so, we fit each single histogram
with a di↵erent beta distribution, which has the following
analytical expression:

p(x,↵,�) =
1

B(↵,�)
x

↵�1(1� x)��1

. (7)

This function has two shape parameters ↵ and �; the factor
1/B(↵,�) is a normalisation constant that can be computed
by requiring that the integral of the probability distribution
function is equal to unity.

From the fitting procedure we obtained a pair of pa-
rameters for each bin in s; however ↵ has a complicated
dependence on the first axial ratio (almost constant with
an average value of ↵ = 2.15), while the mean value of the
beta distributions µ = 1/(1 + �/↵) follows a linear relation.
Figure 9 shows the dependence of the mean µ (red squares
on left panel) and � parameter (blue circles on right panel)
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Figure 8. Distribution of q̃ = (q� s)/(1� s) as function of s: the black boxes and whiskers represent the quartiles and 1.5 the quartiles

range respectively. The horizontal red error bars represent the bin inside which the medians have been computed. Right : Distributions

of q̃ for di↵erent values of s (histograms) and fitting function resulting from the model presented in the section (curves).

Figure 9. Parameters of the fitted beta functions. Red is the

mean of the distribution, in blue the second parameter �.

di↵erences in the shapes of the distributions of q̃ at a given
s, the rescaling needed to reduce them to a single one needs
to be much more complex than the one adopted in the last
section. Therefore, we fit each single histogram with a dif-
ferent beta distribution, which has the following analytical
expression:

p(x,↵,�) =
1

B(↵,�)
x↵�1(1� x)��1. (7)

This function has two shape parameters ↵ and �; the factor
1/B(↵,�) is a normalisation constant that can be computed
by requiring that the integral of the probability distribution
function is equal to unity.

From the fitting procedure we obtained a pair of pa-
rameters for each bin in s; however ↵ has a complicated
dependence on the first axial ratio (almost constant with
an average value of ↵ = 2.15), while the mean value of the
beta distributions µ = 1/(1 + �/↵) follows a linear relation.
Figure 9 shows the dependence of the mean µ (red squares
on left panel) and � parameter (blue circles on right panel)

of the fitted beta functions on the first axial ratio s. The
coloured lines in each respective panel show a fit of these
two parameters:

µ(s) = 0.633s� 0.007

�(s) = 1.389s�1.685.
(8)

These two equations give us a functional form of p(q̃|s):
starting from a value of s, one can retrieve the mean µ
and � from which the other parameter can be computed
↵ = �/(1/µ + 1). This gives what is needed to reconstruct
the distribution of q̃ of a given s and the scatter, if needed.
The final step is to revert the change of coordinates and
compute the physical axial ratio q.

4 EXPLODING THE MASS RANGE TO 5
ORDERS OF MAGNITUDE

The next step of our work is to explode the recipes for dark
matter halo shapes to lower masses: in the following sections
we describe how to generalise the axial ratio distribution
to a wider mass range. To do so, we combined the MXXL
data with the SBARBINE simulations, a set of cosmological
simulations that will allow us to study the shape of dark
matter haloes from 3⇥ 1010 M�h

�1 to 6⇥ 1015 M�h
�1.

As before, we express the mass dependence in terms of
peak height ⌫. By doing this, it is possible to treat homoge-
neously data from di↵erent redshifts and cosmologies, such
as the SBARBINE and the MXXL simulations.

4.1 Axis ratio distribution: minor to major

On left panel of figure 10, the logarithm of the minor to
major axial ratio s is shown as a function of the logarithm
of ⌫. As before, horizontal error bars represent the interval
in ⌫ and the box and whiskers are the quartiles and 1.5
the quartiles range for the combined sample, while coloured
points are medians of individual catalogues. Again, there
is no di↵erence in the medians between redshifts, neither

c� 2014 RAS, MNRAS 000, 1–13
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Figure 7. Distribution of the scaled axial ratio s̃ for masses

shown in Table 2. It can be easily seen that the distributions

at all masses are well represented by an unique fitting function.

this e↵ect is due to the rescaling. Nevertheless, one can
argue that s̃ represents the physical axis ratio at ⌫ = 1
(M = 5.8 ⇥ 1012h�1M�); still, this rescaling has been ob-
tained only for M > 6 ⇥ 1013h�1

M�, leaving the unscaled
axis ratio well within the physically meaningful boundaries.
We have chosen to fit the minor to major axis ratio using a
log-normal distribution:

p(x, µ,�) =
1

x

p
2⇡�

exp

✓
� (lnx� µ)2

2�2

◆
, (4)

which correspond to the probability distribution function of
a variable which is normally distributed in the logarithmic
space. The parameters of the fitted function are the follow-
ing:

µ =� 0.49

� = 0.20;
(5)

they can be converted to more familiar quantities:

median = e

µ = 0.61,

std =
q

(e�2 � 1)e2µ+�2 = 0.75 .

(6)

In this framework, if one is interested in the median
value and dispersion, can just rearrange the rescaling rela-
tion to obtain s = 0.61 (⌫)�0.255 with a standard deviation
of 0.75. On the other hand, we can use the fit to obtain the
whole distribution for a given mass. For example, to use it
as a prior distribution of the minor to major axis ratio, one
draws a value x from a normal (gaussian) distribution with
mean µ = �0.49 and standard deviation � = 0.20, the scaled
axis ratio is then e

x (or directly extract s̃ from a lognormal
distribution); inverting the rescaling relation one can obtain
the axis ratio of the halo at a given peak height, which can
be subsequently converted in mass for a given consmology
at a given redshift.

3.3 Axis ratio distribution: intermediate to major

Once we are able to describe s as a function of mass we
can look at the correlation between the two axial ratios. For

Figure 9. Parameters of the fitted beta functions. Red is the

mean of the distribution, in blue the second parameter �.

construction, q is always greater (or equal) than s; also it is
always less than 1. These limits have the e↵ect of distorting
the distribution of intermediate to major axis ratio in a way
that depends directly on s. To avoid this problem we use the
rescaled quantity q̃ = (q � s)/(1 � s) instead of the simple
axial ratio (Schneider et al. 2012), curing the issues of a
limited interval; the correlation between the rescaled second
axial ratio and s can be seen in the left panel of Figure 8,
where are shown medians (red error bars) and quartiles (box
and whiskers plot) for di↵erent values of the first axis ratio.
We have divided q̃ in bins of di↵erent s and extracted the
distributions p(q̃|s) (right panel of Fig. 8). From both plots,
it is quite evident that q̃ strongly depend on the first axial
ratio, with higher values at higher s, which is in agreement
with haloes that tend to be prolate. Moreover the scatter is
larger at higher s, though this is mostly due to the rescaling
which extends the allowed interval of q̃.

Because of the strong correlation between q̃ and s, we
can not just give q̃ as a function of mass: to obtain the second
axis ratio distribution for a given mass, we have to describe
p(q̃|s) and then get the first axis ratio from its distribution
at di↵erent masses (as shown in Section 3.2). Given the large
di↵erences in the shapes of the distributions of q̃ at a given
s, the rescaling needed to reduce them to a single one needs
to be much more complex than the one adopted in the last
section. Instead of doing so, we fit each single histogram
with a di↵erent beta distribution, which has the following
analytical expression:

p(x,↵,�) =
1

B(↵,�)
x

↵�1(1� x)��1

. (7)

This function has two shape parameters ↵ and �; the factor
1/B(↵,�) is a normalisation constant that can be computed
by requiring that the integral of the probability distribution
function is equal to unity.

From the fitting procedure we obtained a pair of pa-
rameters for each bin in s; however ↵ has a complicated
dependence on the first axial ratio (almost constant with
an average value of ↵ = 2.15), while the mean value of the
beta distributions µ = 1/(1 + �/↵) follows a linear relation.
Figure 9 shows the dependence of the mean µ (red squares
on left panel) and � parameter (blue circles on right panel)
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2° step: fit the entire distribution of shapes (axial ratios) with a functional form to generate 
priors on shape and mock catalogues

For a given halos Mass —> c/a —> b/c —> Halo Shape
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box [Mpch�1

] zi mp[M�h�1

] soft [kpch�1

] Nh(z = 0) Nrel(z = 0)

Ada 62.5 129 1.94⇥ 10

7

1.5 39445 28005

Bice 125 99 1.55⇥ 10

8

3 49100 32107

Dora 500 99 9.92⇥ 10

9

12 66300 33970

Emma 1000 99 7.94⇥ 10

10

24 46665 20696

Flora 2000 99 6.35⇥ 10

11

48 7754 2997

MXXL 3000 63 6.17⇥ 10

9

18.8 937755 568477

Table 1. Main features of the simulations used in this work. The last two columns report the total number of haloes with more than

1000 particles (Nh) and the corresponding fraction of relaxed haloes (Nrel), at redshift z = 0.

tensor1

M↵� =
NVX

i=1

mi ri,↵ ri,�
MTOT

(1)

of the particles inside the virial radius of the sphere of mass
MTOT , where ri is the distance of the i-th particle, of mass
mi, from the most bound particle. The tensor’s eigenvectors
give the direction of the ellipsoid that approximate the mass
distribution, while the square roots of the eigenvalues are
proportional to the axes length (c > b > a).

Having derived the triaxial distribution of dark matter
inside the spherical overdensity, we use it to compute the
ellipsoidal distance of the particles r2E = x2 + y2/(b/c)2 +
z2/(a/c)2, select those inside a given radius and recompute
the mass tensor with the new subset. We iterate this pro-
cedure until the ratios of minor to major axis s = a/c and
intermediate to major axis q = b/c converge within a 0.5
per cent of error. This algorithm has been already adopted
in the literature (Allgood et al. 2006; Schneider et al. 2012;
Despali et al. 2013), however di↵erent authors use di↵er-
ent values for the radius of the ellipsoid. We have chosen to
follow Despali et al. (2013) who selected the ellipsoid that
encloses an overdensity equal to the one given by spherical
collapse model �vir. This is the simplest possible extension
of the SO, which actually becomes just the first step in our
iteration, and it allows us to adopt a more general descrip-
tion while being still close to theory predictions. As shown
also by Despali et al. (2013) the di↵erence in the measured
shapes between a spherical and an ellipsoidal overdensity
can not be ignored.

In figure 1 we show the density distribution of dark
matter of two haloes (colour scale) and, in red, the com-
puted ellipsoid which encloses an overdensity of �vir. The
object on the left has a virial mass of 5.29 ⇥ 1014 M�h

�1

and represent a relaxed halo; the mass of the one on the
right is 6.90⇥ 1014 M�h

�1 and it is clearly multi-modal. It
can be seen that the ellipsoid captures quite well the overall
three-dimensional matter distribution of the relaxed halo;
though it fails, as expected, with the perturbed object. For
this reason we will need to eliminate from the catalogue all
unrelaxed haloes like the one on the right panel. A possible
way to discriminate this kind of objects is to look at the
o↵set between centre of mass and geometrical centre of the
ellipsoid. The latter is centred in the minimum of potential,
which corresponds to one of the substructures; on the other
hand the the centre of mass of a system like this is some-

1

Not to be confused with the inertia tensor (Bett et al. 2007)

Figure 2. Mass function and halo selection of the Millennium

XXL sample at redshift z = 0 (red squares) and z = 1 (blue

circles) obtained with the ellipsoidal overdensity. The vertical

dashed line indicates the mass of an halo with 1000 particles.

Top panel : points show the mass function of the whole selected

halo catalogue. It is clearly visible the cut at low masses.Bottom

panel : points show the percentage of relaxed haloes in each mass

bin (i.e. objects with a centre o↵set smaller than 5 per cent of

their virial radius.)

where in between the di↵erent objects. In turn this means
that if a significant number of large substructures is present,
there will be an o↵set between the centre of the ellipsoid and
the centre of mass.

2.4 Halo selection

Figure 2 shows the mass function of all haloes (upper panel),
which is defined as the mass within the ellipsoid that en-
closes an overdensity of �vir, computed by the ellipsoidal
algorithm described above. Data from redshift z = 0 and
z = 1 are indicated by red squares and blue circles respec-
tively. As previously explained, we have analysed only a ran-
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Figure 7. Distribution of the scaled axial ratio s̃ for masses

shown in Table 2. It can be easily seen that the distributions

at all masses are well represented by an unique fitting function.

this e↵ect is due to the rescaling. Nevertheless, one can
argue that s̃ represents the physical axis ratio at ⌫ = 1
(M = 5.8 ⇥ 1012h�1M�); still, this rescaling has been ob-
tained only for M > 6 ⇥ 1013h�1

M�, leaving the unscaled
axis ratio well within the physically meaningful boundaries.
We have chosen to fit the minor to major axis ratio using a
log-normal distribution:

p(x, µ,�) =
1

x

p
2⇡�

exp

✓
� (lnx� µ)2

2�2

◆
, (4)

which correspond to the probability distribution function of
a variable which is normally distributed in the logarithmic
space. The parameters of the fitted function are the follow-
ing:

µ =� 0.49

� = 0.20;
(5)

they can be converted to more familiar quantities:

median = e

µ = 0.61,

std =
q

(e�2 � 1)e2µ+�2 = 0.75 .

(6)

In this framework, if one is interested in the median
value and dispersion, can just rearrange the rescaling rela-
tion to obtain s = 0.61 (⌫)�0.255 with a standard deviation
of 0.75. On the other hand, we can use the fit to obtain the
whole distribution for a given mass. For example, to use it
as a prior distribution of the minor to major axis ratio, one
draws a value x from a normal (gaussian) distribution with
mean µ = �0.49 and standard deviation � = 0.20, the scaled
axis ratio is then e

x (or directly extract s̃ from a lognormal
distribution); inverting the rescaling relation one can obtain
the axis ratio of the halo at a given peak height, which can
be subsequently converted in mass for a given consmology
at a given redshift.

3.3 Axis ratio distribution: intermediate to major

Once we are able to describe s as a function of mass we
can look at the correlation between the two axial ratios. For

Figure 9. Parameters of the fitted beta functions. Red is the

mean of the distribution, in blue the second parameter �.

construction, q is always greater (or equal) than s; also it is
always less than 1. These limits have the e↵ect of distorting
the distribution of intermediate to major axis ratio in a way
that depends directly on s. To avoid this problem we use the
rescaled quantity q̃ = (q � s)/(1 � s) instead of the simple
axial ratio (Schneider et al. 2012), curing the issues of a
limited interval; the correlation between the rescaled second
axial ratio and s can be seen in the left panel of Figure 8,
where are shown medians (red error bars) and quartiles (box
and whiskers plot) for di↵erent values of the first axis ratio.
We have divided q̃ in bins of di↵erent s and extracted the
distributions p(q̃|s) (right panel of Fig. 8). From both plots,
it is quite evident that q̃ strongly depend on the first axial
ratio, with higher values at higher s, which is in agreement
with haloes that tend to be prolate. Moreover the scatter is
larger at higher s, though this is mostly due to the rescaling
which extends the allowed interval of q̃.

Because of the strong correlation between q̃ and s, we
can not just give q̃ as a function of mass: to obtain the second
axis ratio distribution for a given mass, we have to describe
p(q̃|s) and then get the first axis ratio from its distribution
at di↵erent masses (as shown in Section 3.2). Given the large
di↵erences in the shapes of the distributions of q̃ at a given
s, the rescaling needed to reduce them to a single one needs
to be much more complex than the one adopted in the last
section. Instead of doing so, we fit each single histogram
with a di↵erent beta distribution, which has the following
analytical expression:

p(x,↵,�) =
1

B(↵,�)
x

↵�1(1� x)��1

. (7)

This function has two shape parameters ↵ and �; the factor
1/B(↵,�) is a normalisation constant that can be computed
by requiring that the integral of the probability distribution
function is equal to unity.

From the fitting procedure we obtained a pair of pa-
rameters for each bin in s; however ↵ has a complicated
dependence on the first axial ratio (almost constant with
an average value of ↵ = 2.15), while the mean value of the
beta distributions µ = 1/(1 + �/↵) follows a linear relation.
Figure 9 shows the dependence of the mean µ (red squares
on left panel) and � parameter (blue circles on right panel)
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6 orders of magnitude in mass
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A comparison



Summary

1° step: linear fits that can be used to convert from one cosmology to the other and to extract 
predictions for a certain mass

 (median & scatter)

2° step: fit the entire distribution of shapes (axial ratios) with a functional form to generate 
priors on shape and mock catalogues

For a given halos Mass —> c/a —> b/c —> Halo Shape

take triaxiality into account!


