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Introduction
• 3D halo properties: mass, 

concentration, triaxiality;  

• pseudo analytical model for 
the matter density distribution 
in Galaxy Cluster size 
systems: MOKA; 

• weak and strong lensing 
signal from Galaxy Clusters; 

• halo properties from 
gravitational lensing;
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no bias: only log-normal scatter in c
vir

bias: NFW fit triaxial bias: NFW fit triaxial, knowing e
z

Figure 11. 1, 2 and 3 � confidence levels in the planes �
8

,⌦
m

(top panels) and �
8

, w (bottom panels). The results refer to a 15000 sq.

degrees survey, combining measurements of the c � M relation in 16 redshift bins between z = 0.03 and z = 1.5. In the left panels, we
fit the input c �M relation, adding only a log-normal scatter in c

vir

. In the middle column, we use the c
fit

�M
fit

relation measured

without applying any correction for elongation. Finally, the right panels refer to the case where, concentrations and masses are recovered

by correcting for the true halo elongations using Eq. 9 with e
c

= e
z

. The true sets of cosmological parameters are indicated by the black
crosses (⇤CDM cosmological model).

Table 2. Degeneracy between cosmological parameters estimated from the concentration-mass relation. The subscript (0) indicates the
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degrees survey, combining measurements of the c � M relation in 16 redshift bins between z = 0.03 and z = 1.5. In the left panels, we
fit the input c �M relation, adding only a log-normal scatter in c

vir

. In the middle column, we use the c
fit

�M
fit

relation measured

without applying any correction for elongation. Finally, the right panels refer to the case where, concentrations and masses are recovered

by correcting for the true halo elongations using Eq. 9 with e
c

= e
z

. The true sets of cosmological parameters are indicated by the black
crosses (⇤CDM cosmological model).
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have generated a sample of 128 lenses, that di↵er in concen-
tration c

vir

, randomly sampling a log-normal distribution,
around the average value for that mass, with a given �

ln c

,
and in subhalo abundance. In what follows we summarize
the ingredients included in the input file of the algorithm.

• One of the main result obtained studying virialized
structures in numerical simulations is that haloes possess
a relatively flat density profile / r

�1 near the center and
steeper / r

�3 outside (Navarro et al. 1997). The scale ra-
dius r

s

where the slope changes defines the halo concentra-
tion c

vir

⌘ R

vir

/r

s

. The smooth halo component is modelled
with a NFW profile, to with is assigned a concentration c

sm

such that:

⇢

NFW,vir

(r|M
vir

, c

vir

) = ⇢

NFW,s

(r|M
sm

, c

sm

) +
N

totX

i=1

⇢

sub

(r � r

i

|m
sub,i

) , (1)

where the subscript vir, sm and sub refer to the total halo,
the smooth component and the substructures respectively,
r

i

indicates the distance of the subhalo from the host halo
center and ⇢

sub

(< r) is the subhalo density profile.
• In the standard scenario of structure formation haloes

collapse as consequence of gravitational instability, with the
small systems assembling first, in a denser universe, than the
large ones. This translates in small haloes to be typically
more concentrated than the large ones. In our model we
use the Zhao et al. (2009) relation to take into account this
e↵ect, which relates the concentration of the halo with the
time t

0.04

at which the main halo progenitor assembles 4%
of its mass through the equation:

c

vir

(M
vir

, z) = 4

(
1 +


t(z)

3.75t
0.04

�
8.4

)
1/8

. (2)

According to this model we estimate the scatter in concen-
tration at fixed halo mass using the scatter in t

0.04

from the
generalized formation redshift distribution derived by Gio-
coli et al. (2012b). In Figure 1 we show the redshift evolu-
tion of the scatter in concentration as a function of redshift.
From the figure, we notice that at low redshift the scatter
is consistent with the results of numerical simulations (Jing
2000; Jing & Suto 2002; Dolag et al. 2004; Sheth & Tormen
2004; Neto et al. 2007) to be of the order of 0.23, while at
high redshift �

ln c

drops down due to the contraction of the
typical halo merging time scale. However, the decrease of
the scatter at high redshift does not seem to exist in numer-
ical simulation, as recently noticed by Bhattacharya et al.
(2011). The di↵erence can be due to the fact that numerical
simulations are limited in mass resolution going to higher z
or that the scatter in c

vir

at a fixed mass is not totally due
to the di↵erent assembly halo histories.

• The improvement of the computational resources has
given the possibility to increase mass and force resolution in
numerical simulations. One of the first results revealed by
this improvement is that haloes are not completely smooth
but made up of di↵erent clumps. Since merging events are
not totally e�cient, these clumps represent the core of pro-
genitor haloes accreted during the growth of the main halo
progenitor (Springel et al. 2001b; Gao et al. 2004; Giocoli
et al. 2008). Di↵erent studies based on the analysis of nu-
merical simulations have converged on the fact that the sub-

Figure 1. Scatter in concentration �
ln c

at a fixed host halo mass

as a function of z due to the scatter in time when the main halo
progenitor assembles 4% of its mass. The scatter has been ob-

tained mass averaging the scatter at fixed halo mass of a sample

of haloes with mass larger than 3.16⇥ 1013M�/h.

halo mass function has a power-law distribution with a slope
↵ = �1.9. In modeling the subhalo population in MOKA we
will use the model proposed by Giocoli et al. (2010a) which
takes into account the dependence on redshift and on the
host halo mass of the distribution, plus the scatter at fixed
mass due to the di↵erent assembly history. We will populate
the host halo sampling the subhalo mass function down to
a mass resolution of 1010M�/h, which is of the order of the
minimum subhalo mass resolved in current cosmological nu-
merical simulations (Springel et al. 2005; Gottloeber et al.
2006; Boylan-Kolchin et al. 2009).

• The subhalo density distribution inside the hosts tends
to follow that of the host dark matter component. However,
the combined e↵ect of gravitational heating and tidal strip-
ping does not allow subhaloes to be present in the central
region of the cluster, mainly dominated by the density pro-
file of the smooth component that increases like r

�1. This
translates into a clump density distribution which is less con-
centrated and shallower than the NFW profile toward the
centre. To spatially locate the subhaloes within the virial
radius of the cluster we will adopt the relation by Gao et al.
(2004), since it takes into account these e↵ects being ex-
tracted from simulated cluters.

• Haloes trace the dark matter density field in the Uni-
verse and their clustering is a function of both the mass and
the redshift. Their mutual gravitational interaction tends to
pull and stretch their matter distribution making the haloes
triaxial. We model the halo triaxiality using the results by
Jing & Suto (2002) from numerical studies.

• Orbiting in the potential well of the host, subhalo den-
sity profile tends to be modified since (i) the particles are
heated at the local temperature of the host, (ii) pushed to-
ward the tidal radius and (iii) eventually stripped. This phe-
nomenology modifies the initial NFW profile into something
that is well described by a singular isothermal sphere (SIS).
This latter will be used to model the matter density distri-
bution around clumps.

• In the standard scenario (White & Rees 1978), the
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history of the haloes, earlier formation redshifts imply 
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Figure 11. 1, 2 and 3 � confidence levels in the planes �
8

,⌦
m

(top panels) and �
8

, w (bottom panels). The results refer to a 15000 sq.

degrees survey, combining measurements of the c � M relation in 16 redshift bins between z = 0.03 and z = 1.5. In the left panels, we
fit the input c �M relation, adding only a log-normal scatter in c

vir

. In the middle column, we use the c
fit
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relation measured

without applying any correction for elongation. Finally, the right panels refer to the case where, concentrations and masses are recovered

by correcting for the true halo elongations using Eq. 9 with e
c

= e
z

. The true sets of cosmological parameters are indicated by the black
crosses (⇤CDM cosmological model).
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have generated a sample of 128 lenses, that di↵er in concen-
tration c

vir

, randomly sampling a log-normal distribution,
around the average value for that mass, with a given �

ln c

,
and in subhalo abundance. In what follows we summarize
the ingredients included in the input file of the algorithm.

• One of the main result obtained studying virialized
structures in numerical simulations is that haloes possess
a relatively flat density profile / r

�1 near the center and
steeper / r

�3 outside (Navarro et al. 1997). The scale ra-
dius r

s

where the slope changes defines the halo concentra-
tion c

vir

⌘ R

vir

/r

s

. The smooth halo component is modelled
with a NFW profile, to with is assigned a concentration c

sm

such that:

⇢

NFW,vir

(r|M
vir

, c

vir

) = ⇢

NFW,s

(r|M
sm

, c

sm

) +
N

totX

i=1

⇢

sub

(r � r

i

|m
sub,i

) , (1)

where the subscript vir, sm and sub refer to the total halo,
the smooth component and the substructures respectively,
r

i

indicates the distance of the subhalo from the host halo
center and ⇢

sub

(< r) is the subhalo density profile.
• In the standard scenario of structure formation haloes

collapse as consequence of gravitational instability, with the
small systems assembling first, in a denser universe, than the
large ones. This translates in small haloes to be typically
more concentrated than the large ones. In our model we
use the Zhao et al. (2009) relation to take into account this
e↵ect, which relates the concentration of the halo with the
time t

0.04

at which the main halo progenitor assembles 4%
of its mass through the equation:

c

vir

(M
vir

, z) = 4

(
1 +


t(z)

3.75t
0.04

�
8.4

)
1/8

. (2)

According to this model we estimate the scatter in concen-
tration at fixed halo mass using the scatter in t

0.04

from the
generalized formation redshift distribution derived by Gio-
coli et al. (2012b). In Figure 1 we show the redshift evolu-
tion of the scatter in concentration as a function of redshift.
From the figure, we notice that at low redshift the scatter
is consistent with the results of numerical simulations (Jing
2000; Jing & Suto 2002; Dolag et al. 2004; Sheth & Tormen
2004; Neto et al. 2007) to be of the order of 0.23, while at
high redshift �

ln c

drops down due to the contraction of the
typical halo merging time scale. However, the decrease of
the scatter at high redshift does not seem to exist in numer-
ical simulation, as recently noticed by Bhattacharya et al.
(2011). The di↵erence can be due to the fact that numerical
simulations are limited in mass resolution going to higher z
or that the scatter in c

vir

at a fixed mass is not totally due
to the di↵erent assembly halo histories.

• The improvement of the computational resources has
given the possibility to increase mass and force resolution in
numerical simulations. One of the first results revealed by
this improvement is that haloes are not completely smooth
but made up of di↵erent clumps. Since merging events are
not totally e�cient, these clumps represent the core of pro-
genitor haloes accreted during the growth of the main halo
progenitor (Springel et al. 2001b; Gao et al. 2004; Giocoli
et al. 2008). Di↵erent studies based on the analysis of nu-
merical simulations have converged on the fact that the sub-

Figure 1. Scatter in concentration �
ln c

at a fixed host halo mass

as a function of z due to the scatter in time when the main halo
progenitor assembles 4% of its mass. The scatter has been ob-

tained mass averaging the scatter at fixed halo mass of a sample

of haloes with mass larger than 3.16⇥ 1013M�/h.

halo mass function has a power-law distribution with a slope
↵ = �1.9. In modeling the subhalo population in MOKA we
will use the model proposed by Giocoli et al. (2010a) which
takes into account the dependence on redshift and on the
host halo mass of the distribution, plus the scatter at fixed
mass due to the di↵erent assembly history. We will populate
the host halo sampling the subhalo mass function down to
a mass resolution of 1010M�/h, which is of the order of the
minimum subhalo mass resolved in current cosmological nu-
merical simulations (Springel et al. 2005; Gottloeber et al.
2006; Boylan-Kolchin et al. 2009).

• The subhalo density distribution inside the hosts tends
to follow that of the host dark matter component. However,
the combined e↵ect of gravitational heating and tidal strip-
ping does not allow subhaloes to be present in the central
region of the cluster, mainly dominated by the density pro-
file of the smooth component that increases like r

�1. This
translates into a clump density distribution which is less con-
centrated and shallower than the NFW profile toward the
centre. To spatially locate the subhaloes within the virial
radius of the cluster we will adopt the relation by Gao et al.
(2004), since it takes into account these e↵ects being ex-
tracted from simulated cluters.

• Haloes trace the dark matter density field in the Uni-
verse and their clustering is a function of both the mass and
the redshift. Their mutual gravitational interaction tends to
pull and stretch their matter distribution making the haloes
triaxial. We model the halo triaxiality using the results by
Jing & Suto (2002) from numerical studies.

• Orbiting in the potential well of the host, subhalo den-
sity profile tends to be modified since (i) the particles are
heated at the local temperature of the host, (ii) pushed to-
ward the tidal radius and (iii) eventually stripped. This phe-
nomenology modifies the initial NFW profile into something
that is well described by a singular isothermal sphere (SIS).
This latter will be used to model the matter density distri-
bution around clumps.

• In the standard scenario (White & Rees 1978), the
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. In the middle column, we use the c
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relation measured

without applying any correction for elongation. Finally, the right panels refer to the case where, concentrations and masses are recovered

by correcting for the true halo elongations using Eq. 9 with e
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= e
z

. The true sets of cosmological parameters are indicated by the black
crosses (⇤CDM cosmological model).
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have generated a sample of 128 lenses, that di↵er in concen-
tration c

vir

, randomly sampling a log-normal distribution,
around the average value for that mass, with a given �

ln c

,
and in subhalo abundance. In what follows we summarize
the ingredients included in the input file of the algorithm.

• One of the main result obtained studying virialized
structures in numerical simulations is that haloes possess
a relatively flat density profile / r

�1 near the center and
steeper / r

�3 outside (Navarro et al. 1997). The scale ra-
dius r

s

where the slope changes defines the halo concentra-
tion c

vir

⌘ R

vir

/r

s

. The smooth halo component is modelled
with a NFW profile, to with is assigned a concentration c

sm

such that:

⇢

NFW,vir

(r|M
vir

, c

vir

) = ⇢

NFW,s

(r|M
sm

, c

sm

) +
N

totX

i=1

⇢

sub

(r � r

i

|m
sub,i

) , (1)

where the subscript vir, sm and sub refer to the total halo,
the smooth component and the substructures respectively,
r

i

indicates the distance of the subhalo from the host halo
center and ⇢

sub

(< r) is the subhalo density profile.
• In the standard scenario of structure formation haloes

collapse as consequence of gravitational instability, with the
small systems assembling first, in a denser universe, than the
large ones. This translates in small haloes to be typically
more concentrated than the large ones. In our model we
use the Zhao et al. (2009) relation to take into account this
e↵ect, which relates the concentration of the halo with the
time t

0.04

at which the main halo progenitor assembles 4%
of its mass through the equation:

c

vir

(M
vir

, z) = 4

(
1 +


t(z)

3.75t
0.04

�
8.4

)
1/8

. (2)

According to this model we estimate the scatter in concen-
tration at fixed halo mass using the scatter in t

0.04

from the
generalized formation redshift distribution derived by Gio-
coli et al. (2012b). In Figure 1 we show the redshift evolu-
tion of the scatter in concentration as a function of redshift.
From the figure, we notice that at low redshift the scatter
is consistent with the results of numerical simulations (Jing
2000; Jing & Suto 2002; Dolag et al. 2004; Sheth & Tormen
2004; Neto et al. 2007) to be of the order of 0.23, while at
high redshift �

ln c

drops down due to the contraction of the
typical halo merging time scale. However, the decrease of
the scatter at high redshift does not seem to exist in numer-
ical simulation, as recently noticed by Bhattacharya et al.
(2011). The di↵erence can be due to the fact that numerical
simulations are limited in mass resolution going to higher z
or that the scatter in c

vir

at a fixed mass is not totally due
to the di↵erent assembly halo histories.

• The improvement of the computational resources has
given the possibility to increase mass and force resolution in
numerical simulations. One of the first results revealed by
this improvement is that haloes are not completely smooth
but made up of di↵erent clumps. Since merging events are
not totally e�cient, these clumps represent the core of pro-
genitor haloes accreted during the growth of the main halo
progenitor (Springel et al. 2001b; Gao et al. 2004; Giocoli
et al. 2008). Di↵erent studies based on the analysis of nu-
merical simulations have converged on the fact that the sub-

Figure 1. Scatter in concentration �
ln c

at a fixed host halo mass

as a function of z due to the scatter in time when the main halo
progenitor assembles 4% of its mass. The scatter has been ob-

tained mass averaging the scatter at fixed halo mass of a sample

of haloes with mass larger than 3.16⇥ 1013M�/h.

halo mass function has a power-law distribution with a slope
↵ = �1.9. In modeling the subhalo population in MOKA we
will use the model proposed by Giocoli et al. (2010a) which
takes into account the dependence on redshift and on the
host halo mass of the distribution, plus the scatter at fixed
mass due to the di↵erent assembly history. We will populate
the host halo sampling the subhalo mass function down to
a mass resolution of 1010M�/h, which is of the order of the
minimum subhalo mass resolved in current cosmological nu-
merical simulations (Springel et al. 2005; Gottloeber et al.
2006; Boylan-Kolchin et al. 2009).

• The subhalo density distribution inside the hosts tends
to follow that of the host dark matter component. However,
the combined e↵ect of gravitational heating and tidal strip-
ping does not allow subhaloes to be present in the central
region of the cluster, mainly dominated by the density pro-
file of the smooth component that increases like r

�1. This
translates into a clump density distribution which is less con-
centrated and shallower than the NFW profile toward the
centre. To spatially locate the subhaloes within the virial
radius of the cluster we will adopt the relation by Gao et al.
(2004), since it takes into account these e↵ects being ex-
tracted from simulated cluters.

• Haloes trace the dark matter density field in the Uni-
verse and their clustering is a function of both the mass and
the redshift. Their mutual gravitational interaction tends to
pull and stretch their matter distribution making the haloes
triaxial. We model the halo triaxiality using the results by
Jing & Suto (2002) from numerical studies.

• Orbiting in the potential well of the host, subhalo den-
sity profile tends to be modified since (i) the particles are
heated at the local temperature of the host, (ii) pushed to-
ward the tidal radius and (iii) eventually stripped. This phe-
nomenology modifies the initial NFW profile into something
that is well described by a singular isothermal sphere (SIS).
This latter will be used to model the matter density distri-
bution around clumps.

• In the standard scenario (White & Rees 1978), the
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c-M from observed Galaxy Clusters
Combined strong and weak lensing analysis of 28 clusters 3223

Figure 5. The mass–concentration relation obtained from combined strong
and weak lensing analysis. Filled triangles show our results presented in this
paper, whereas filled squares show results from literature; A1689, A370,
CL0024, RX J1347 (Umetsu et al. 2011b) and A383 (Zitrin et al. 2011b).
The black shaded region indicates the predicted concentration parameters
as a function of the halo mass with the lensing bias taken into account (see
Appendix A, for details). The solid line is the best-fitting mass–concentration
relation from fitting of our cluster sample (i.e. filled triangles), with the 1σ

range indicated by dotted lines.

the concentration can be significantly enhanced by baryon physics
particularly for low-mass haloes (e.g. Rudd, Zentner & Kravtsov
2008; Mead et al. 2010), although the effect strongly depends on
the efficiency of feedback (McCarthy et al. 2010; Duffy et al. 2010).
Thus baryon cooling appears to be able to explain the observed
strong mass dependence at least qualitatively. More quantitative
estimates of this effect need to be made using a large sample of
simulated clusters with the baryon physics as well as the proper
feedback model included.

5 STAC K IN G A NA LY SIS

5.1 Stacked tangential shear profile

We can study the average properties of a given sample by stacking
lensing signals. This stacked lensing analysis has been successful
for constraining mean dark matter distributions of cluster samples
(e.g. Mandelbaum et al. 2006b; Johnston et al. 2007; Leauthaud
et al. 2010; Okabe et al. 2010a). Here we conduct stacking analysis
of the tangential shear profile for our lensing sample for studying
the mass–concentration relation from another viewpoint. Note that
the off-centring effect, which has been known to be one of the
most significant systematic errors in stacked lensing analysis (e.g.
Johnston et al. 2007; Mandelbaum, Seljak & Hirata 2008; Oguri
& Takada 2011), should be negligible for our analysis, because of
the detection of weak lensing signals for individual clusters and
the presence of giant arcs which assure that selected centres (posi-
tions of the brightest galaxies in the strong lensing region) indeed
correspond to that of the mass distribution.

We perform stacking in the physical length scale. Specifically,
we compute the differential surface density "#+(r) which is define
by

"#+(r) ≡ #crg+(θ = r/Dol), (27)

where #cr is the critical surface mass density for lensing. We
stack "#+(r) for different clusters to obtain the average differ-
ential surface density. We do not include SDSS J1226+2149 and

SDSS J1226+2152 in our stacking analysis, because these fields
clearly have complicated mass distributions with two strong lens-
ing cores separated by only ∼3 arcmin. Furthermore, we exclude
SDSS J1110+6459 as well because the 2D weak lensing map sug-
gests the presence of a very complicated mass distribution around
the system. We use the remaining 25 clusters for our stacked lensing
analysis.

It should be noted that the reduced shear g+ has a non-linear
dependence on the mass profile. In fact, the reduced shear is de-
fined by g+ ≡ γ +/(1 − κ), where γ + and κ are tangential shear
and convergence. Thus, the quantity defined by equation (27) still
depends slightly on the source redshift via the factor 1/(1 − κ), par-
ticularly near the halo centre. Thus, in comparison with the NFW
predictions, we assume the source redshift of zs = 1.1, which is
the typical effective source redshift for our weak lensing analysis
(see Table 3). Also the non-linear dependence makes it somewhat
difficult to interpret the average profile, and hence our stacked tan-
gential profile measurement near the centre should be taken with
caution.

It is known that the matter fluctuations along the line of sight
contributes to the total error budget (e.g. Hoekstra 2003; Dodelson
2004; Gruen et al. 2011; Hoekstra et al. 2011). While we have ig-
nored this effect for the analysis of individual clusters presented in
Section 4, here we take into account the error from the large-scale
structure in fitting the stacked tangential shear profile by includ-
ing the full covariance between different radial bins (see Oguri &
Takada 2011; Umetsu et al. 2011b, for the calculation of the covari-
ance matrix). We, however, comment that the error of the large-scale
structure is subdominant in our analysis, because of the relatively
small number density of background galaxies after the colour cut
(see also Oguri et al. 2010).

In addition to weak lensing, we stack strong lensing constraints
simply by averaging the Einstein radii for the fixed source redshift
zs = 2. This constraint is combined with the stacked tangential
shear profile from weak lensing to obtain constraints on the mass
and concentration parameter for the stacked profile. Note that the
Einstein radius is related with the reduced shear as g+(θE) = 1.
Given the uncertainty from the non-linearity of the reduced shear
and the possible bias coming from the uncertainty of the outer mass
profile (Becker & Kravtsov 2011; Oguri & Hamana 2011), we re-
strict tangential shear fitting in the range 0.158 < r < 3.16 h−1 Mpc.
However, we note that our results are not largely changed even if
we conduct fitting in the whole radius range.

Fig. 6 shows the stacking result for all the 25 clusters. The mean
cluster redshift for this sample is ⟨z⟩ = 0.469. The total S/N in the
whole radius range 0.063 < r < 5.01 h−1 Mpc is S/N = 32. We
find that stacked tangential shear profile from weak lensing is fitted
well by the NFW profile over a wide range in radius. The aver-
age Einstein radius from strong lensing (⟨θE⟩ = 14.4+10.6

−7.0 arcsec) is
slightly larger than the best-fitting model predicts (θE = 9.1 arcsec),
although they are consistent with each other well within 1σ .
The best-fitting mass and concentration are ⟨Mvir⟩ = 4.57+0.33

−0.31 ×
1014 h−1 M⊙ and ⟨cvir⟩ = 5.75+0.70

−0.57. We note that the mean mass
measured by the stacking analysis agrees well with the mean mass of
strong-lens-selected clusters predicted by ray-tracing simulations,
⟨Mvir⟩ ∼ 4.2 × 1014 h−1 M⊙ (Hennawi et al. 2007, see also Bayliss
et al. 2011b).

The concentration parameter measured in the stacked tangen-
tial shear profile is broadly consistent with the result of individual
analysis (see Fig. 5), but appears to be slightly smaller than the
mass–concentration relation constrained from our lensing sample.
Here we estimate the impact of the possible averaging effect by
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lated to the half-mass radius (called also e⇥ective radius) Re

by the relation rg = 0.551Re, assuming that the e⇥ective ra-
dius is some percent of the host halo virial radius. The scale
density ⌃g can be estimated by the definition of the total
mass of a Hernquist model, and so we can read:

⌃s =
Mstar

2⇧r3g
. (9)

The presence of a dissipative baryonic component influ-
ence the dark matter density distribution near the host halo
centre. Blumenthal et al. (1986) have shown that we can
treat analytically the adiabatic contraction, finding good
agreement with numerical simulations. The initial and fi-
nal density profile, where the central galaxy is present, are
related by the following equation:

r [Mstar(r) +MDM,f ] = riMDM,i(ri) , (10)

where:

MDM,f = MDM,i (1� fcool) , (11)

and fcool represent the baryon fraction in the halo that cool
to form the central galaxy. To solve the adiabatic contraction
we need to find r from equation 10, that, with a Hernquist
model, can be read as:

fcoolr
3 + (r + rg)

2 [(1� fcool)r � ri]mi(ri) = 0 , (12)

which has one single real root that is relevant. We recall that
mi in the previous equation define the initial mass density
profile normalized by the virial mass. In figure 1 we show the
density profile of a halo with virial mass Mvir = 1015M⇥/h
and cvir = 4 populated with a galaxy with stellar mass
Mstar = 5⇥1012M⇥/h. The dotted and short-dashed curves
show the initial dark matter and stellar density in the halo
respectively. The presence of a dissipative baryonic compo-
nent acts such to contract the dark matter density distri-
bution, solving equation 12 the dark matter density profile
changes on the long-dashed curve. The solid curve shows
the total density distribution summing sort and long-dashed
curve.

3 HALO LENSING PROPERTIES

In this section we will describe how we estimate the lens-
ing properties starting from the 3D density distribution of
all the components that characterize the haloes. For each
component we project the density distribution on a plane
perpendicular to the line of sight performing the integral:

�(rx, ry) =

⌃ ⇤

�⇤
⌃(rx, ry, rz)drz ,

were r =
⌥

r2x + r2y + r2z and we can define ⌅ =
⌥

r2x + r2y.
The previous integral for the NFW, Hernquist and SIS

profiles can be solved analytically, as showed by Bartelmann
(1996); Bartelmann & Schneider (2001); Keeton (2001) giv-
ing:

�NFW (�) =
2⌃srs
�2 � 1

F (�) , (13)

�star(⇥) = ⌃grg
(2 + ⇥2)G(⇥)� 3

(⇥2 � 1)2
, (14)

�sub(⌅) =
⌥v

2G⌅
, (15)

Figure 2. Convergence profile of the same cluster where sources
are at redshift zs = 2.

where � = ⌅/rs, ⇥ = ⌅/rg and the two functions F (�) and
G(⇥) defined as:

F (�) =

�
⌅⌅⌅⌅⇤

⌅⌅⌅⌅⇥

1� 2⇤
�2�1

arctan

�
� � 1
� + 1
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1��2

arctanh

�
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0 � = 1;
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⌅⌅⇤

⌅⌅⇥

1⇤
⇥2�1

tan�1
⌥

⇥2 � 1 ⇥ > 1,

1⇤
1�⇥2

tanh�1
⌥

1� ⇥2 ⇥ < 1,

1 ⇥ = 1.

Once we have defined the surface mass density �(⌅) we
can define the converge as:

⇤(⌅) =
�(⌅)
�cr

(16)

where �cr is the critical surface mass density that depends
on lens Dl and source Ds angular-diameter distance from
the observer and on source from lens Dls angular-diameter
distance:

�cr =
c2

4⇧G
Ds

DlDls
. (17)

In figure 2 we shows the convergence profiles for the
same components presented in figure 1 where sources are
assumed to be located at zs = 2.

For each dark matter halo, the total convergence map
can be computed summing the contribution of all compo-
nents performing for each pixel map:

⇤(rx, ry) = ⇤DM (rx, ry) + (18)

⇤star(rx, ry) +
N⇧

i=1

⇤sub,i(xc � rx, yc � ry) .

In introducing ellipticity in our model we draw a random
number from Jing & Suto (2002) distribution to obtain the
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In figure 2 we shows the convergence profiles for the
same components presented in figure 1 where sources are
assumed to be located at zs = 2.

For each dark matter halo, the total convergence map
can be computed summing the contribution of all compo-
nents performing for each pixel map:

⇤(rx, ry) = ⇤DM (rx, ry) + (18)

⇤star(rx, ry) +
N⇧

i=1

⇤sub,i(xc � rx, yc � ry) .

In introducing ellipticity in our model we draw a random
number from Jing & Suto (2002) distribution to obtain the
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Figure 3. Converge maps of galaxy cluster size haloes created with our code MOKA at redshift zl=0.25, assuming sources distributed at
a single redshift zs = 2. The solid curves show the location of tangential and radial critical lines, all haloes have a virial mass equal to
1015M�/h.

axial ratios a/b and a/c, requiring that abc = 1. To ran-
domly orientate the halo we pic a random point on a sphere
estimating the azimuthal and elevation angle and rotate con-
sistently to these the ellipsoid. We introduce the same pro-
jected ellipticity to the smooth component, to the stellar
density and to the subhalo spatial density distributions; for
the dark matter density distribution in subhaloes we assume
a spherical symmetric model. We have choosen to assigne the
same ellipticity to the BCG and the dark matter density dis-
tribution in the host following the results by Fasano et al.
(2010): the shape of the BCG could reflect that of the asso-
ciated dark matter halo. In figure 3 we show the deflection
angle maps of six clusters generated with our algorithm. All
haloes are located at redshift z = 0.25, posses a virial mass
equal to 1015M�/h and sources are distributed at a single
redshift zs = 2.

From the convergence map, the e⇥ective potential and
the scaled deflection angle can be obtained from lens equa-
tions:

�(⌃) =
1
⌥

�

R2
⌅(x) ln |⌃ � x|d2x, (19)

and

�(⌃) =
1
⌥

�

R2
⌅(x)

⌃ � x

|⌃ � x|
d2x. (20)

Defining the derivative of the e⇥ective potential as:

↵2�(⌃)
↵⌃i↵⌃j

= �ij ,

we can introduce components of the pseudo-vector field ⇥ =

(⇥1, ⇥2), called shear, as:

⇥1(⌃) =
1
2
(�11 � �22), (21)

⇥2(⌃) = �12 = �21. (22)

Light bundles deflected di⇥erentially by a gravitational
potential field create image distortion, this is described by
the Jacobian matrix

A = (⇤ij � �ij) , (23)

whose eigenvalues are:

⇧t = 1� ⌅� ⇥, (24)

⇧r = 1� ⌅+ ⇥. (25)

⇧t = 0 and ⇧r = 0 on the lens (source) plane define the loca-
tion of tangential and radial critical (caustic) curves where
the magnification is ideally infinite. In figure 3 solid line
define the location in our cluster of the critical curves.

4 LENS STRUCTURAL PROPERTIES AND
STRONG LENSING SIGNALS: CENTRAL
GALAXY AND TRIAXIALITY

For each cluster we create an high resolution deflection an-
gle map of 2048⇥ 2048 pixels centred on the cluster centre
with side lenght equal to the virial radius. From this we
numerically estimate the lensing cross section by means of
ray-tracing methods (Meneghetti et al. 2005a,b; Fedeli et al.
2006; Meneghetti et al. 2011). Starting from the observer,
bundles of light rays are traced back to the source plane.
This is populated with an adaptive grid of elliptical sources
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lated to the half-mass radius (called also e⇥ective radius) Re

by the relation rg = 0.551Re, assuming that the e⇥ective ra-
dius is some percent of the host halo virial radius. The scale
density ⌃g can be estimated by the definition of the total
mass of a Hernquist model, and so we can read:

⌃s =
Mstar

2⇧r3g
. (9)

The presence of a dissipative baryonic component influ-
ence the dark matter density distribution near the host halo
centre. Blumenthal et al. (1986) have shown that we can
treat analytically the adiabatic contraction, finding good
agreement with numerical simulations. The initial and fi-
nal density profile, where the central galaxy is present, are
related by the following equation:

r [Mstar(r) +MDM,f ] = riMDM,i(ri) , (10)

where:

MDM,f = MDM,i (1� fcool) , (11)

and fcool represent the baryon fraction in the halo that cool
to form the central galaxy. To solve the adiabatic contraction
we need to find r from equation 10, that, with a Hernquist
model, can be read as:

fcoolr
3 + (r + rg)

2 [(1� fcool)r � ri]mi(ri) = 0 , (12)

which has one single real root that is relevant. We recall that
mi in the previous equation define the initial mass density
profile normalized by the virial mass. In figure 1 we show the
density profile of a halo with virial mass Mvir = 1015M⇥/h
and cvir = 4 populated with a galaxy with stellar mass
Mstar = 5⇥1012M⇥/h. The dotted and short-dashed curves
show the initial dark matter and stellar density in the halo
respectively. The presence of a dissipative baryonic compo-
nent acts such to contract the dark matter density distri-
bution, solving equation 12 the dark matter density profile
changes on the long-dashed curve. The solid curve shows
the total density distribution summing sort and long-dashed
curve.

3 HALO LENSING PROPERTIES

In this section we will describe how we estimate the lens-
ing properties starting from the 3D density distribution of
all the components that characterize the haloes. For each
component we project the density distribution on a plane
perpendicular to the line of sight performing the integral:

�(rx, ry) =

⌃ ⇤

�⇤
⌃(rx, ry, rz)drz ,

were r =
⌥

r2x + r2y + r2z and we can define ⌅ =
⌥

r2x + r2y.
The previous integral for the NFW, Hernquist and SIS

profiles can be solved analytically, as showed by Bartelmann
(1996); Bartelmann & Schneider (2001); Keeton (2001) giv-
ing:

�NFW (�) =
2⌃srs
�2 � 1

F (�) , (13)

�star(⇥) = ⌃grg
(2 + ⇥2)G(⇥)� 3

(⇥2 � 1)2
, (14)

�sub(⌅) =
⌥v

2G⌅
, (15)

Figure 2. Convergence profile of the same cluster where sources
are at redshift zs = 2.

where � = ⌅/rs, ⇥ = ⌅/rg and the two functions F (�) and
G(⇥) defined as:
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Once we have defined the surface mass density �(⌅) we
can define the converge as:

⇤(⌅) =
�(⌅)
�cr

(16)

where �cr is the critical surface mass density that depends
on lens Dl and source Ds angular-diameter distance from
the observer and on source from lens Dls angular-diameter
distance:

�cr =
c2

4⇧G
Ds

DlDls
. (17)

In figure 2 we shows the convergence profiles for the
same components presented in figure 1 where sources are
assumed to be located at zs = 2.

For each dark matter halo, the total convergence map
can be computed summing the contribution of all compo-
nents performing for each pixel map:

⇤(rx, ry) = ⇤DM (rx, ry) + (18)

⇤star(rx, ry) +
N⇧

i=1

⇤sub,i(xc � rx, yc � ry) .

In introducing ellipticity in our model we draw a random
number from Jing & Suto (2002) distribution to obtain the
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⇤(⌅) =
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where �cr is the critical surface mass density that depends
on lens Dl and source Ds angular-diameter distance from
the observer and on source from lens Dls angular-diameter
distance:

�cr =
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In figure 2 we shows the convergence profiles for the
same components presented in figure 1 where sources are
assumed to be located at zs = 2.

For each dark matter halo, the total convergence map
can be computed summing the contribution of all compo-
nents performing for each pixel map:

⇤(rx, ry) = ⇤DM (rx, ry) + (18)

⇤star(rx, ry) +
N⇧

i=1

⇤sub,i(xc � rx, yc � ry) .

In introducing ellipticity in our model we draw a random
number from Jing & Suto (2002) distribution to obtain the
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Figure 3. Converge maps of galaxy cluster size haloes created with our code MOKA at redshift zl=0.25, assuming sources distributed at
a single redshift zs = 2. The solid curves show the location of tangential and radial critical lines, all haloes have a virial mass equal to
1015M�/h.

axial ratios a/b and a/c, requiring that abc = 1. To ran-
domly orientate the halo we pic a random point on a sphere
estimating the azimuthal and elevation angle and rotate con-
sistently to these the ellipsoid. We introduce the same pro-
jected ellipticity to the smooth component, to the stellar
density and to the subhalo spatial density distributions; for
the dark matter density distribution in subhaloes we assume
a spherical symmetric model. We have choosen to assigne the
same ellipticity to the BCG and the dark matter density dis-
tribution in the host following the results by Fasano et al.
(2010): the shape of the BCG could reflect that of the asso-
ciated dark matter halo. In figure 3 we show the deflection
angle maps of six clusters generated with our algorithm. All
haloes are located at redshift z = 0.25, posses a virial mass
equal to 1015M�/h and sources are distributed at a single
redshift zs = 2.

From the convergence map, the e⇥ective potential and
the scaled deflection angle can be obtained from lens equa-
tions:

�(⌃) =
1
⌥

�

R2
⌅(x) ln |⌃ � x|d2x, (19)

and

�(⌃) =
1
⌥

�

R2
⌅(x)

⌃ � x

|⌃ � x|
d2x. (20)

Defining the derivative of the e⇥ective potential as:

↵2�(⌃)
↵⌃i↵⌃j

= �ij ,

we can introduce components of the pseudo-vector field ⇥ =

(⇥1, ⇥2), called shear, as:

⇥1(⌃) =
1
2
(�11 � �22), (21)

⇥2(⌃) = �12 = �21. (22)

Light bundles deflected di⇥erentially by a gravitational
potential field create image distortion, this is described by
the Jacobian matrix

A = (⇤ij � �ij) , (23)

whose eigenvalues are:

⇧t = 1� ⌅� ⇥, (24)

⇧r = 1� ⌅+ ⇥. (25)

⇧t = 0 and ⇧r = 0 on the lens (source) plane define the loca-
tion of tangential and radial critical (caustic) curves where
the magnification is ideally infinite. In figure 3 solid line
define the location in our cluster of the critical curves.

4 LENS STRUCTURAL PROPERTIES AND
STRONG LENSING SIGNALS: CENTRAL
GALAXY AND TRIAXIALITY

For each cluster we create an high resolution deflection an-
gle map of 2048⇥ 2048 pixels centred on the cluster centre
with side lenght equal to the virial radius. From this we
numerically estimate the lensing cross section by means of
ray-tracing methods (Meneghetti et al. 2005a,b; Fedeli et al.
2006; Meneghetti et al. 2011). Starting from the observer,
bundles of light rays are traced back to the source plane.
This is populated with an adaptive grid of elliptical sources
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Figure 3. Converge maps of galaxy cluster size haloes created with our code MOKA at redshift zl=0.25, assuming sources distributed at
a single redshift zs = 2. The solid curves show the location of tangential and radial critical lines, all haloes have a virial mass equal to
1015M�/h.
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estimating the azimuthal and elevation angle and rotate con-
sistently to these the ellipsoid. We introduce the same pro-
jected ellipticity to the smooth component, to the stellar
density and to the subhalo spatial density distributions; for
the dark matter density distribution in subhaloes we assume
a spherical symmetric model. We have choosen to assigne the
same ellipticity to the BCG and the dark matter density dis-
tribution in the host following the results by Fasano et al.
(2010): the shape of the BCG could reflect that of the asso-
ciated dark matter halo. In figure 3 we show the deflection
angle maps of six clusters generated with our algorithm. All
haloes are located at redshift z = 0.25, posses a virial mass
equal to 1015M�/h and sources are distributed at a single
redshift zs = 2.
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⇧t = 0 and ⇧r = 0 on the lens (source) plane define the loca-
tion of tangential and radial critical (caustic) curves where
the magnification is ideally infinite. In figure 3 solid line
define the location in our cluster of the critical curves.
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gle map of 2048⇥ 2048 pixels centred on the cluster centre
with side lenght equal to the virial radius. From this we
numerically estimate the lensing cross section by means of
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2006; Meneghetti et al. 2011). Starting from the observer,
bundles of light rays are traced back to the source plane.
This is populated with an adaptive grid of elliptical sources
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lated to the half-mass radius (called also e⇥ective radius) Re

by the relation rg = 0.551Re, assuming that the e⇥ective ra-
dius is some percent of the host halo virial radius. The scale
density ⌃g can be estimated by the definition of the total
mass of a Hernquist model, and so we can read:

⌃s =
Mstar

2⇧r3g
. (9)

The presence of a dissipative baryonic component influ-
ence the dark matter density distribution near the host halo
centre. Blumenthal et al. (1986) have shown that we can
treat analytically the adiabatic contraction, finding good
agreement with numerical simulations. The initial and fi-
nal density profile, where the central galaxy is present, are
related by the following equation:

r [Mstar(r) +MDM,f ] = riMDM,i(ri) , (10)

where:

MDM,f = MDM,i (1� fcool) , (11)

and fcool represent the baryon fraction in the halo that cool
to form the central galaxy. To solve the adiabatic contraction
we need to find r from equation 10, that, with a Hernquist
model, can be read as:

fcoolr
3 + (r + rg)

2 [(1� fcool)r � ri]mi(ri) = 0 , (12)

which has one single real root that is relevant. We recall that
mi in the previous equation define the initial mass density
profile normalized by the virial mass. In figure 1 we show the
density profile of a halo with virial mass Mvir = 1015M⇥/h
and cvir = 4 populated with a galaxy with stellar mass
Mstar = 5⇥1012M⇥/h. The dotted and short-dashed curves
show the initial dark matter and stellar density in the halo
respectively. The presence of a dissipative baryonic compo-
nent acts such to contract the dark matter density distri-
bution, solving equation 12 the dark matter density profile
changes on the long-dashed curve. The solid curve shows
the total density distribution summing sort and long-dashed
curve.

3 HALO LENSING PROPERTIES

In this section we will describe how we estimate the lens-
ing properties starting from the 3D density distribution of
all the components that characterize the haloes. For each
component we project the density distribution on a plane
perpendicular to the line of sight performing the integral:

�(rx, ry) =

⌃ ⇤

�⇤
⌃(rx, ry, rz)drz ,

were r =
⌥

r2x + r2y + r2z and we can define ⌅ =
⌥

r2x + r2y.
The previous integral for the NFW, Hernquist and SIS

profiles can be solved analytically, as showed by Bartelmann
(1996); Bartelmann & Schneider (2001); Keeton (2001) giv-
ing:

�NFW (�) =
2⌃srs
�2 � 1

F (�) , (13)

�star(⇥) = ⌃grg
(2 + ⇥2)G(⇥)� 3

(⇥2 � 1)2
, (14)

�sub(⌅) =
⌥v

2G⌅
, (15)

Figure 2. Convergence profile of the same cluster where sources
are at redshift zs = 2.

where � = ⌅/rs, ⇥ = ⌅/rg and the two functions F (�) and
G(⇥) defined as:
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Once we have defined the surface mass density �(⌅) we
can define the converge as:

⇤(⌅) =
�(⌅)
�cr

(16)

where �cr is the critical surface mass density that depends
on lens Dl and source Ds angular-diameter distance from
the observer and on source from lens Dls angular-diameter
distance:

�cr =
c2

4⇧G
Ds

DlDls
. (17)

In figure 2 we shows the convergence profiles for the
same components presented in figure 1 where sources are
assumed to be located at zs = 2.

For each dark matter halo, the total convergence map
can be computed summing the contribution of all compo-
nents performing for each pixel map:

⇤(rx, ry) = ⇤DM (rx, ry) + (18)

⇤star(rx, ry) +
N⇧

i=1

⇤sub,i(xc � rx, yc � ry) .

In introducing ellipticity in our model we draw a random
number from Jing & Suto (2002) distribution to obtain the
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can be computed summing the contribution of all compo-
nents performing for each pixel map:

⇤(rx, ry) = ⇤DM (rx, ry) + (18)

⇤star(rx, ry) +
N⇧

i=1

⇤sub,i(xc � rx, yc � ry) .

In introducing ellipticity in our model we draw a random
number from Jing & Suto (2002) distribution to obtain the
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Figure 3. Converge maps of galaxy cluster size haloes created with our code MOKA at redshift zl=0.25, assuming sources distributed at
a single redshift zs = 2. The solid curves show the location of tangential and radial critical lines, all haloes have a virial mass equal to
1015M�/h.

axial ratios a/b and a/c, requiring that abc = 1. To ran-
domly orientate the halo we pic a random point on a sphere
estimating the azimuthal and elevation angle and rotate con-
sistently to these the ellipsoid. We introduce the same pro-
jected ellipticity to the smooth component, to the stellar
density and to the subhalo spatial density distributions; for
the dark matter density distribution in subhaloes we assume
a spherical symmetric model. We have choosen to assigne the
same ellipticity to the BCG and the dark matter density dis-
tribution in the host following the results by Fasano et al.
(2010): the shape of the BCG could reflect that of the asso-
ciated dark matter halo. In figure 3 we show the deflection
angle maps of six clusters generated with our algorithm. All
haloes are located at redshift z = 0.25, posses a virial mass
equal to 1015M�/h and sources are distributed at a single
redshift zs = 2.

From the convergence map, the e⇥ective potential and
the scaled deflection angle can be obtained from lens equa-
tions:

�(⌃) =
1
⌥

�

R2
⌅(x) ln |⌃ � x|d2x, (19)

and

�(⌃) =
1
⌥

�

R2
⌅(x)

⌃ � x

|⌃ � x|
d2x. (20)

Defining the derivative of the e⇥ective potential as:

↵2�(⌃)
↵⌃i↵⌃j

= �ij ,

we can introduce components of the pseudo-vector field ⇥ =

(⇥1, ⇥2), called shear, as:

⇥1(⌃) =
1
2
(�11 � �22), (21)

⇥2(⌃) = �12 = �21. (22)

Light bundles deflected di⇥erentially by a gravitational
potential field create image distortion, this is described by
the Jacobian matrix

A = (⇤ij � �ij) , (23)

whose eigenvalues are:

⇧t = 1� ⌅� ⇥, (24)

⇧r = 1� ⌅+ ⇥. (25)

⇧t = 0 and ⇧r = 0 on the lens (source) plane define the loca-
tion of tangential and radial critical (caustic) curves where
the magnification is ideally infinite. In figure 3 solid line
define the location in our cluster of the critical curves.

4 LENS STRUCTURAL PROPERTIES AND
STRONG LENSING SIGNALS: CENTRAL
GALAXY AND TRIAXIALITY

For each cluster we create an high resolution deflection an-
gle map of 2048⇥ 2048 pixels centred on the cluster centre
with side lenght equal to the virial radius. From this we
numerically estimate the lensing cross section by means of
ray-tracing methods (Meneghetti et al. 2005a,b; Fedeli et al.
2006; Meneghetti et al. 2011). Starting from the observer,
bundles of light rays are traced back to the source plane.
This is populated with an adaptive grid of elliptical sources
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Figure 3. Converge maps of galaxy cluster size haloes created with our code MOKA at redshift zl=0.25, assuming sources distributed at
a single redshift zs = 2. The solid curves show the location of tangential and radial critical lines, all haloes have a virial mass equal to
1015M�/h.
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with side lenght equal to the virial radius. From this we
numerically estimate the lensing cross section by means of
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bundles of light rays are traced back to the source plane.
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host halo: 

satellites:

central galaxy:

NFW density profile, or generalized-NFW where the inner slope can be set in an 
input file
mass input file
concentration input file or from a c-m relation setting the rms of the log-normal 
scatter in the input file (Neto+2007, Zhao+2009, Giocoli+2012c)
ellipticity from Jing and Suto 2002 or Despali et al. 2014, random orientation or set 
it in an input file, can also turned off

their abundance is compatible with the numerical simulation results (Springel+2001, 
De Lucia+2004, Giocoli+2010)
spatial distribution “follows” the dark matter of the host (Gao+2004)
their mass density profile can follow a SIS (truncated) or NFW (truncated) 

stellar mass set using HOD technique (Wang+2006) or in an input file 
density profile following Hernquist 1990 or Jaffe 1983
dark matter can contract or not (Blumental+1986)
can also be excluded setting it in the input file

Ingredients

Giocoli, Meneghetti, Bartelmann, Moscardini, Boldrin 2012
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Figure 3. Density profile of a halo at zl = 0.25 with Mvir = 1015 M⊙ h−1.
The dotted curve shows the NFW profile and the dashed curve shows the
Henquist profile for the stellar component of the BCG at the halo centre with
stellar mass Mstar = 5 × 1012 M⊙ h−1. The dissipative baryon component
modifies the DM profile by adiabatic contraction, as shown by the long-
dashed line. The solid line shows the final profile.

density on a plane perpendicular to the line of sight,

!(x, y) =
∫ ∞

−∞
ρ(x, y, z) dz, (22)

where r =
√

x2 + y2 + z2 with the coordinate origin put into the
host halo centre, and we define ξ =

√
x2 + y2.

The projected mass density of the NFW, Hernquist and SIS pro-
files can be given analytically (Bartelmann 1996; Bartelmann &
Schneider 2001; Keeton 2001):

!NFW(x, y) = 2ρsrs

ζ 2 − 1
F (ζ ); (23)

!star(x, y) = ρgrg
(2 + η2)G(η) − 3

(η2 − 1)2
; (24)

!sub(x, y) = σv

2Gξ
. (25)

Here, ζ ≡ ξ /rs, η ≡ ξ /rg and the two functions F(ζ ) and G(η) are

F (ζ ) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1 − 2√
ζ 2−1

arctan
√

ζ−1
ζ+1 ζ > 1,

1 − 2√
1−ζ 2

arctanh
√

− ζ−1
ζ+1 ζ < 1,

0 ζ = 1;

and

G(η) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1√
η2−1

tan−1
√

η2 − 1 η > 1,

1√
1−η2

tanh−1
√

1 − η2 η < 1,

1 η = 1.

Figure 4. Convergence profile of the same cluster, assuming sources at
redshift zs = 2.

We note that the subhalo density profile is truncated at the radius en-
closing its total (bound) mass. The convergence is the appropriately
scaled surface mass density !(x, y),

κ(x, y) = !(x, y)
!cr

, (26)

where

!cr = c2

4πG

Ds

DlDls
(27)

is the critical surface mass density, containing the angular-diameter
distances Dl, Ds and Dls from the observer to the lens, from the
observer to the source and from the lens to the source, respectively.

Fig. 4 shows the convergence profiles for the halo components
presented in Fig. 3, with sources assumed at zs = 2.

For each DM halo, the total convergence map is the sum of all
contribution maps,

κ(x, y) = κDM(x, y) + κstar(x, y)

+
N∑

i=1

κsub,i(x − xc, y − yc), (28)

where xc and yc represent the centre of mass of the ith substructure.
To introduce ellipticity into our model, we draw random numbers
from the Jing & Suto (2002) distributions for the axial ratios a/b
and a/c, requiring abc = 1. Once the axial ratios are known, we
deform the convergence map accordingly. To randomly orient the
halo, we choose a random point on a sphere identified by its az-
imuthal and elevation angles, and we rotate the halo ellipsoid by
these angles. We assign the same projected ellipticity to the smooth
component, to the stellar density and to the subhalo spatial den-
sity distributions. For the DM density distribution in subhaloes, we
assume spherically symmetric models, because the subhalo typical
scale is much smaller than the virial radius of the host system in
which they are located. Having elliptical subhaloes will slightly af-
fect the total strong lensing cross-section. We have chosen to assign
the same ellipticity to the BCG and to the DM density distribution
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M87 in the Virgo Cluster

the dark matter component fill the presence of cold baryons 
located at the halo centre: adiabatic contraction 

3346 C. Giocoli et al.

Figure 2. Radial subhalo density distribution model. The different curves
show equation (15) for different values of the host halo concentration cvir,
as in the key.

The SIS profile represents the galaxy density profiles well on
scales relevant for strong lensing. Previously, other authors have
used this model to characterize the lensing signal by substructures
after stripping (Metcalf & Madau 2001). None the less, additional
subhalo density profiles are implemented in MOKA to allow the trun-
cation of the subhalo profile to be more smooth.

(v) The spatial distribution of subhaloes tends to follow the
smooth DM distribution of the host halo. However, clumps near
the host halo centre are easily destroyed, because of their tidal in-
teraction with the main halo. Thus, the spatial subhalo distribution
is less concentrated than the NFW profile of the host halo. Gao et al.
(2004) have studied this using a cosmological numerical simulation.
They have found that the cumulative spatial density distribution of
clumps in host haloes is well described by

n(< x)
Ntot

= (1 + α′cvir)xβ ′

(1 + α′cvirx2)
, (15)

where x is the distance to the host halo centre in units of the virial
radius, N tot is the total number of subhaloes in the host, α′ = 0.244
and β ′ = 2.75. Fig. 2 shows equation (15) for different values of the
host halo concentration, as indicated in the key. To place sublumps
in the host, we sample this distribution and we randomly assign
position angles θ and φ on a sphere. van den Bosch et al. (2004)
have used a similar equation to model the satellite galaxy density
distribution.

2.1.2 Dissipative baryonic component and its effects
on dark matter

Strong lensing is sensitive to the matter distribution inside the cen-
tre of galaxy clusters (r ∼ 100 kpc). On such scales, the density
of the baryonic component becomes comparable to that of DM.
Meneghetti, Bartelmann & Moscardini (2003) have shown that the
brightest central galaxy (BCG) on the strong lensing signal is gen-
erally moderately important for strong lensing, but it is potentially

decisive for those haloes that are otherwise marginally supercritical
strong lenses.

To populate haloes with a central galaxy of a certain stellar mass,
we use the halo occupation distribution (HOD) technique. In the
HOD, it is assumed that the stellar mass of a galaxy is tightly
correlated with the depth of the potential well of the halo within
which it formed. Thus

Mstar = 2Mstar,0

(Minfall/M0)−α′′ + (Minfall/M0)−β ′′ , (16)

as estimated by Wang et al. (2006), who modelled this relation after
the semi-analytical galaxy catalogue of the Millennium Simulation
(Croton et al. 2006). In this relation, we include a Gaussian scatter
in Mstar at a given host halo mass with σMstar = 0.148. For the central
galaxy, we set α′ ′ = 0.39, β ′ ′ = 1.96 and log (Mstar,0) = 10.35.

For the stellar component of the BCG residing in the halo centre,
we adopt the Hernquist (1990) profile:

ρstar(r) = ρg

(r/rg)(1 + r/rg)3
. (17)

This has a scale radius rg related to the half-mass (or effective)
radius Re by rg = 0.551Re. As done by Keeton (2001), we define
the effective radius to be Re = 0.03Rvir. The scale density ρg can be
estimated by the definition of the total mass of a Hernquist model:

ρs = Mstar

2πr3
g
. (18)

The presence of a dissipative baryonic component influences the
DM distribution near the host halo centre. Blumenthal et al. (1986)
have described the adiabatic contraction analytically, finding good
agreement with numerical simulations. The initial and final density
profiles – characterized by an initial radius ri and a final radius rf ,
when a central galaxy is present – are related by

r
!
Mstar(r) + MDM,f

"
= riMDM,i(ri). (19)

Here

MDM,f = MDM,i (1 − fcool) , (20)

where f cool is the baryon fraction in the halo that cools to form the
central galaxy. To solve the adiabatic-contraction equation, we need
to derive r from equation (19). With a Hernquist model,

fcoolr
3 + (r + rg)2 [(1 − fcool)r − ri] mi(ri) = 0. (21)

This equation has a single relevant real root. We note that mi in
equation (21) defines the initial mass profile normalized by the
virial mass. Fig. 3 shows the density profile of a halo with virial mass
Mvir = 1015 M⊙ h−1 and cvir = 4, populated by a galaxy with stellar
mass Mstar = 5 × 1012 M⊙ h−1. The dotted and short-dashed curves
refer to the initial DM and stellar density in the halo, respectively.
The presence of a dissipative baryonic component contracts the DM
distribution. Solving equation (21), the DM density profile changes
to that shown by the long-dashed curve. The solid curve shows
the total density distribution obtained by summing the short-dashed
and long-dashed curves. We recall that, for DM-only realizations,
Mvir is given by the sum in smooth plus clumpy components, while
Mvir = Msmooth +

#Ntot
i=1 mi + Mstar if a BCG is present.

2.2 Halo lensing properties

In this section, we describe how we calculate lensing properties
starting from the three-dimensional matter density of all compo-
nents characterizing the haloes. For each component, we project the
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Figure 2. Radial subhalo density distribution model. The different curves
show equation (15) for different values of the host halo concentration cvir,
as in the key.

The SIS profile represents the galaxy density profiles well on
scales relevant for strong lensing. Previously, other authors have
used this model to characterize the lensing signal by substructures
after stripping (Metcalf & Madau 2001). None the less, additional
subhalo density profiles are implemented in MOKA to allow the trun-
cation of the subhalo profile to be more smooth.

(v) The spatial distribution of subhaloes tends to follow the
smooth DM distribution of the host halo. However, clumps near
the host halo centre are easily destroyed, because of their tidal in-
teraction with the main halo. Thus, the spatial subhalo distribution
is less concentrated than the NFW profile of the host halo. Gao et al.
(2004) have studied this using a cosmological numerical simulation.
They have found that the cumulative spatial density distribution of
clumps in host haloes is well described by

n(< x)
Ntot

= (1 + α′cvir)xβ ′

(1 + α′cvirx2)
, (15)

where x is the distance to the host halo centre in units of the virial
radius, N tot is the total number of subhaloes in the host, α′ = 0.244
and β ′ = 2.75. Fig. 2 shows equation (15) for different values of the
host halo concentration, as indicated in the key. To place sublumps
in the host, we sample this distribution and we randomly assign
position angles θ and φ on a sphere. van den Bosch et al. (2004)
have used a similar equation to model the satellite galaxy density
distribution.

2.1.2 Dissipative baryonic component and its effects
on dark matter

Strong lensing is sensitive to the matter distribution inside the cen-
tre of galaxy clusters (r ∼ 100 kpc). On such scales, the density
of the baryonic component becomes comparable to that of DM.
Meneghetti, Bartelmann & Moscardini (2003) have shown that the
brightest central galaxy (BCG) on the strong lensing signal is gen-
erally moderately important for strong lensing, but it is potentially

decisive for those haloes that are otherwise marginally supercritical
strong lenses.

To populate haloes with a central galaxy of a certain stellar mass,
we use the halo occupation distribution (HOD) technique. In the
HOD, it is assumed that the stellar mass of a galaxy is tightly
correlated with the depth of the potential well of the halo within
which it formed. Thus

Mstar = 2Mstar,0

(Minfall/M0)−α′′ + (Minfall/M0)−β ′′ , (16)

as estimated by Wang et al. (2006), who modelled this relation after
the semi-analytical galaxy catalogue of the Millennium Simulation
(Croton et al. 2006). In this relation, we include a Gaussian scatter
in Mstar at a given host halo mass with σMstar = 0.148. For the central
galaxy, we set α′ ′ = 0.39, β ′ ′ = 1.96 and log (Mstar,0) = 10.35.

For the stellar component of the BCG residing in the halo centre,
we adopt the Hernquist (1990) profile:

ρstar(r) = ρg

(r/rg)(1 + r/rg)3
. (17)

This has a scale radius rg related to the half-mass (or effective)
radius Re by rg = 0.551Re. As done by Keeton (2001), we define
the effective radius to be Re = 0.03Rvir. The scale density ρg can be
estimated by the definition of the total mass of a Hernquist model:

ρs = Mstar

2πr3
g
. (18)

The presence of a dissipative baryonic component influences the
DM distribution near the host halo centre. Blumenthal et al. (1986)
have described the adiabatic contraction analytically, finding good
agreement with numerical simulations. The initial and final density
profiles – characterized by an initial radius ri and a final radius rf ,
when a central galaxy is present – are related by

r
!
Mstar(r) + MDM,f

"
= riMDM,i(ri). (19)

Here

MDM,f = MDM,i (1 − fcool) , (20)

where f cool is the baryon fraction in the halo that cools to form the
central galaxy. To solve the adiabatic-contraction equation, we need
to derive r from equation (19). With a Hernquist model,

fcoolr
3 + (r + rg)2 [(1 − fcool)r − ri] mi(ri) = 0. (21)

This equation has a single relevant real root. We note that mi in
equation (21) defines the initial mass profile normalized by the
virial mass. Fig. 3 shows the density profile of a halo with virial mass
Mvir = 1015 M⊙ h−1 and cvir = 4, populated by a galaxy with stellar
mass Mstar = 5 × 1012 M⊙ h−1. The dotted and short-dashed curves
refer to the initial DM and stellar density in the halo, respectively.
The presence of a dissipative baryonic component contracts the DM
distribution. Solving equation (21), the DM density profile changes
to that shown by the long-dashed curve. The solid curve shows
the total density distribution obtained by summing the short-dashed
and long-dashed curves. We recall that, for DM-only realizations,
Mvir is given by the sum in smooth plus clumpy components, while
Mvir = Msmooth +

#Ntot
i=1 mi + Mstar if a BCG is present.

2.2 Halo lensing properties

In this section, we describe how we calculate lensing properties
starting from the three-dimensional matter density of all compo-
nents characterizing the haloes. For each component, we project the
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Keeton 2001, Rix et al. 1997
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r3fcool + (r + rH)2[(1� fcool)r � ri]mi(ri) = 0

r2fcool + (r + rJ)[(1� fcool)r � ri]mi(ri) = 0

a.c. with Hernquist Galaxy

a.c. with Jaffe Galaxy
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Building up a Galaxy Cluster

Mvir = 5 x 1014 Msun/h
cvir = 6
zl = 0.3
zs = 2  
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Einstein Ring (MOKA)

•  tangential 1/(1-�-�) 
 
•  radial 1/(1-�+�) 

• effective: radius of the circle with
the same area (Redlich+2012)

• median: median distance from the
centre of the critical points
(Meneghetti+2011)
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constrain on a smooth and spherical NFW cluster



Results for z=0.288 (Subs + Tri + Bcg + Adc)
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Figure 4. Weak lensing (left), strong lensing (centre) and weak+strong lensing (right) constraints estimating mass and concentration for a smooth, spherical
NFW halo. The black dot represents the input halo mass and concentration. In all three cases, the minimum of the χ2 corresponds with the black dot.

Figure 5. Average of the rescaled estimated mass as a function of the true cluster mass. We show the case in which the mass is estimated using WL+SL
(circles) and only WL (triangles) information for systems at three different redshifts. The upper and lower curves show the 1σ scatter of the corresponding
distributions, red for WL+SL and blue for WL only. Each mass bin contains 2048 cluster realizations.

mass and redshift, we will study how the mass and concentration
bias depends on these quantities.

In Fig. 5, we show the average rescaled estimated mass as a
function of the cluster mass for three of the six considered redshifts.
The results of the three redshifts not displayed are consistent with
those here presented. The rescaled mass is the ratio between the
estimated and the true (3D) cluster masses (see Appendix A for
the comparison between the true and 2D cluster masses). We recall
that the simulations of the MOKA clusters include the presence of a
BCG, the ADC of the DM component, triaxiality and subhaloes.
Filled circles and triangles show the masses estimated considering
SL+WL and WL alone, respectively; the shaded region encloses
the 1σ scatter of the distribution. From the figure, we notice that
for groups and small clusters the mass is typically underestimated
by about 15 per cent, and for massive clusters the mass has a bias
ranging from 5 per cent down to a few per cent, consistent with
what has been found by Becker & Kravtsov (2011), Meneghetti et al.
(2010a) and Rasia et al. (2012). The higher bias in the mass estimate
for the smallest systems is due to the triaxiality model by Jing & Suto
(2002) implemented in MOKA and extended down to these masses. In
this model, typically smaller systems tend to be more prolate than
the more massive ones in agreement with the fact that they are more
stretched by the gravitational field of the surrounding matter density

distribution during their collapse (Sheth, Mo & Tormen 2001). The
small trend of the normalization of the relation Mest/Mvir−Mvir as
a function of redshift reflects the fact that MOKA clusters at higher
redshifts tend on average to possess more substructures (van den
Bosch, Tormen & Giocoli 2005; Giocoli et al. 2010) and to have a
larger 3D ellipticity ϵ (Shaw et al. 2006, 2007; Giocoli et al. 2010;
Despali, Tormen & Sheth 2013; Limousin et al. 2013). From the
figure, we notice that when the constraint on the size of the Einstein
radius is included in the mass estimate, the corresponding mass bias
tends to be reduced: the modelling of the Einstein radius size is done
using a spherical model and so on average we tend to measure a
higher mass with the SL constraint (Bartelmann & Steinmetz 1996).
The absence of difference in the rescaled estimated mass between
WL and WL+SL for the smallest mass bins is due to the fact that
most of those clusters are not strong lenses or have small Einstein
radii: in those cases χ2

SL has a negligible contribution to the total
χ2. Meneghetti et al. (2010a) perform a similar analysis. They study
the lensing signals of three projections of three clusters extracted
from a numerical simulation. In particular, in the left-hand panel of
their fig. 16 they show the ratio between the estimated and true 3D
masses obtained best fitting the reduced tangential shear profile of
each cluster using, as we have done, an NFW functional. For the
case M200, the authors find a negative bias of about 15–5 per cent,
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Figure 6. Average of the rescaled estimated mass as a function of the true
cluster mass for haloes with higher or smaller ellipticity than in the plane of
the sky at redshift z = 0.288. Masses and concentrations have been evaluated
using both weak and strong lensing constraints.

consistent with what we have found in this work. However, the
flexibility and the speed of our algorithm MOKA allow us to generate
and analyse a sample of clusters which is more than five orders of
magnitude larger than the one studied by Meneghetti et al. (2010a).

We have also investigated what effect the cluster ellipticity on
the plane of the sky have on the estimated mass. For each mass
bin, we have computed the median potential ellipticity ϵ", 500 –
measured within R500 – and divided the halo sample into haloes
with smaller or higher ellipticity. In Fig. 6, we present the average
estimated mass as a function of the cluster mass for these two
samples, considering only the clusters at redshift z = 0.288. The
results for the other redshifts are quantitatively consistent. From
the figure, we see that the orientation of the main halo ellipsoid is

an important source of bias in the measured halo mass, as already
discussed by Meneghetti et al. (2010a). We consider in this case
the situation in which mass and concentration have been estimated
from the WL+SL constraints. Typically, we see that for clusters
whose major axis is oriented along the line of sight, the mass tends
to be overestimated – those are more spherical in the plane of the
sky (Morandi et al. 2010), while the opposite occurs for clusters
elongated in the perpendicular direction: most spherical clusters are
less biased than the most elliptical ones. An analogous result is
presented in Meneghetti et al. (2010a; see their fig. 17), where the
cluster masses tend to be under (over)estimated when large (small)
angles between the line of sight and the major axis of the halo
ellipsoid are present.

In Fig. 7, we show the average ratio between the estimated con-
centration and the true one as a function of the cluster mass. The
different panels refer to different redshifts and the data points have
the same meaning as in Fig. 5. The results show that adding to
the fit the constraint on the size of the Einstein radius does not
change significantly the average value of the distribution, while
it reduces the scatter for the most massive systems. The differ-
ent panels show the presence of a positive bias for the smallest
systems by less than ∼10 per cent, which decreases with the lens
redshift.

Our cluster lensing simulations include the presence of a BCG
and a recipe for the ADC. To understand how much these ingredi-
ents affect our mass and concentration measurements, we present in
the left (right) panel of Fig. 8 the ratio between the mass (concen-
tration) derived in simulations including BCG and ADC and that
estimated in simulations without the central galaxy. Blue triangles
and red circles refer to the case where only WL or WL+SL con-
straints are considered, respectively. We recall that in the first case
Mvir = Msmooth + Min subs + MBCG holds while for the second
Mvir = M ′

smooth + Min subs. We notice that fitting the whole profile
with an NFW function, we have an underestimate of the mass by
only few per cent with respect to the case in which the BCG is
not present. The trend is different for the concentration which for
small systems, where the cold baryon contribution is more impor-
tant since star formation is fractionally more efficient in low-mass
objects, is overestimated by 10−15 per cent, while for the more
massive clusters it is only few per cent. The two data points refer
again to the cases in which the fit is performed considering SL+WL

Figure 7. Average of the rescaled estimated concentration as a function of the true cluster mass. We show the case in which the concentration is estimated
using WL+SL (red circles) and only WL blue (triangles) information for systems at three different redshifts. For each considered case, the corresponding
upper and lower curves enclose the 1σ scatter of the distribution at fixed mass.
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Figure 4. Weak lensing (left), strong lensing (centre) and weak+strong lensing (right) constraints estimating mass and concentration for a smooth, spherical
NFW halo. The black dot represents the input halo mass and concentration. In all three cases, the minimum of the χ2 corresponds with the black dot.

Figure 5. Average of the rescaled estimated mass as a function of the true cluster mass. We show the case in which the mass is estimated using WL+SL
(circles) and only WL (triangles) information for systems at three different redshifts. The upper and lower curves show the 1σ scatter of the corresponding
distributions, red for WL+SL and blue for WL only. Each mass bin contains 2048 cluster realizations.

mass and redshift, we will study how the mass and concentration
bias depends on these quantities.

In Fig. 5, we show the average rescaled estimated mass as a
function of the cluster mass for three of the six considered redshifts.
The results of the three redshifts not displayed are consistent with
those here presented. The rescaled mass is the ratio between the
estimated and the true (3D) cluster masses (see Appendix A for
the comparison between the true and 2D cluster masses). We recall
that the simulations of the MOKA clusters include the presence of a
BCG, the ADC of the DM component, triaxiality and subhaloes.
Filled circles and triangles show the masses estimated considering
SL+WL and WL alone, respectively; the shaded region encloses
the 1σ scatter of the distribution. From the figure, we notice that
for groups and small clusters the mass is typically underestimated
by about 15 per cent, and for massive clusters the mass has a bias
ranging from 5 per cent down to a few per cent, consistent with
what has been found by Becker & Kravtsov (2011), Meneghetti et al.
(2010a) and Rasia et al. (2012). The higher bias in the mass estimate
for the smallest systems is due to the triaxiality model by Jing & Suto
(2002) implemented in MOKA and extended down to these masses. In
this model, typically smaller systems tend to be more prolate than
the more massive ones in agreement with the fact that they are more
stretched by the gravitational field of the surrounding matter density

distribution during their collapse (Sheth, Mo & Tormen 2001). The
small trend of the normalization of the relation Mest/Mvir−Mvir as
a function of redshift reflects the fact that MOKA clusters at higher
redshifts tend on average to possess more substructures (van den
Bosch, Tormen & Giocoli 2005; Giocoli et al. 2010) and to have a
larger 3D ellipticity ϵ (Shaw et al. 2006, 2007; Giocoli et al. 2010;
Despali, Tormen & Sheth 2013; Limousin et al. 2013). From the
figure, we notice that when the constraint on the size of the Einstein
radius is included in the mass estimate, the corresponding mass bias
tends to be reduced: the modelling of the Einstein radius size is done
using a spherical model and so on average we tend to measure a
higher mass with the SL constraint (Bartelmann & Steinmetz 1996).
The absence of difference in the rescaled estimated mass between
WL and WL+SL for the smallest mass bins is due to the fact that
most of those clusters are not strong lenses or have small Einstein
radii: in those cases χ2

SL has a negligible contribution to the total
χ2. Meneghetti et al. (2010a) perform a similar analysis. They study
the lensing signals of three projections of three clusters extracted
from a numerical simulation. In particular, in the left-hand panel of
their fig. 16 they show the ratio between the estimated and true 3D
masses obtained best fitting the reduced tangential shear profile of
each cluster using, as we have done, an NFW functional. For the
case M200, the authors find a negative bias of about 15–5 per cent,
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Figure 6. Average of the rescaled estimated mass as a function of the true
cluster mass for haloes with higher or smaller ellipticity than in the plane of
the sky at redshift z = 0.288. Masses and concentrations have been evaluated
using both weak and strong lensing constraints.

consistent with what we have found in this work. However, the
flexibility and the speed of our algorithm MOKA allow us to generate
and analyse a sample of clusters which is more than five orders of
magnitude larger than the one studied by Meneghetti et al. (2010a).

We have also investigated what effect the cluster ellipticity on
the plane of the sky have on the estimated mass. For each mass
bin, we have computed the median potential ellipticity ϵ", 500 –
measured within R500 – and divided the halo sample into haloes
with smaller or higher ellipticity. In Fig. 6, we present the average
estimated mass as a function of the cluster mass for these two
samples, considering only the clusters at redshift z = 0.288. The
results for the other redshifts are quantitatively consistent. From
the figure, we see that the orientation of the main halo ellipsoid is

an important source of bias in the measured halo mass, as already
discussed by Meneghetti et al. (2010a). We consider in this case
the situation in which mass and concentration have been estimated
from the WL+SL constraints. Typically, we see that for clusters
whose major axis is oriented along the line of sight, the mass tends
to be overestimated – those are more spherical in the plane of the
sky (Morandi et al. 2010), while the opposite occurs for clusters
elongated in the perpendicular direction: most spherical clusters are
less biased than the most elliptical ones. An analogous result is
presented in Meneghetti et al. (2010a; see their fig. 17), where the
cluster masses tend to be under (over)estimated when large (small)
angles between the line of sight and the major axis of the halo
ellipsoid are present.

In Fig. 7, we show the average ratio between the estimated con-
centration and the true one as a function of the cluster mass. The
different panels refer to different redshifts and the data points have
the same meaning as in Fig. 5. The results show that adding to
the fit the constraint on the size of the Einstein radius does not
change significantly the average value of the distribution, while
it reduces the scatter for the most massive systems. The differ-
ent panels show the presence of a positive bias for the smallest
systems by less than ∼10 per cent, which decreases with the lens
redshift.

Our cluster lensing simulations include the presence of a BCG
and a recipe for the ADC. To understand how much these ingredi-
ents affect our mass and concentration measurements, we present in
the left (right) panel of Fig. 8 the ratio between the mass (concen-
tration) derived in simulations including BCG and ADC and that
estimated in simulations without the central galaxy. Blue triangles
and red circles refer to the case where only WL or WL+SL con-
straints are considered, respectively. We recall that in the first case
Mvir = Msmooth + Min subs + MBCG holds while for the second
Mvir = M ′

smooth + Min subs. We notice that fitting the whole profile
with an NFW function, we have an underestimate of the mass by
only few per cent with respect to the case in which the BCG is
not present. The trend is different for the concentration which for
small systems, where the cold baryon contribution is more impor-
tant since star formation is fractionally more efficient in low-mass
objects, is overestimated by 10−15 per cent, while for the more
massive clusters it is only few per cent. The two data points refer
again to the cases in which the fit is performed considering SL+WL

Figure 7. Average of the rescaled estimated concentration as a function of the true cluster mass. We show the case in which the concentration is estimated
using WL+SL (red circles) and only WL blue (triangles) information for systems at three different redshifts. For each considered case, the corresponding
upper and lower curves enclose the 1σ scatter of the distribution at fixed mass.
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Figure 4. Weak lensing (left), strong lensing (centre) and weak+strong lensing (right) constraints estimating mass and concentration for a smooth, spherical
NFW halo. The black dot represents the input halo mass and concentration. In all three cases, the minimum of the χ2 corresponds with the black dot.

Figure 5. Average of the rescaled estimated mass as a function of the true cluster mass. We show the case in which the mass is estimated using WL+SL
(circles) and only WL (triangles) information for systems at three different redshifts. The upper and lower curves show the 1σ scatter of the corresponding
distributions, red for WL+SL and blue for WL only. Each mass bin contains 2048 cluster realizations.

mass and redshift, we will study how the mass and concentration
bias depends on these quantities.

In Fig. 5, we show the average rescaled estimated mass as a
function of the cluster mass for three of the six considered redshifts.
The results of the three redshifts not displayed are consistent with
those here presented. The rescaled mass is the ratio between the
estimated and the true (3D) cluster masses (see Appendix A for
the comparison between the true and 2D cluster masses). We recall
that the simulations of the MOKA clusters include the presence of a
BCG, the ADC of the DM component, triaxiality and subhaloes.
Filled circles and triangles show the masses estimated considering
SL+WL and WL alone, respectively; the shaded region encloses
the 1σ scatter of the distribution. From the figure, we notice that
for groups and small clusters the mass is typically underestimated
by about 15 per cent, and for massive clusters the mass has a bias
ranging from 5 per cent down to a few per cent, consistent with
what has been found by Becker & Kravtsov (2011), Meneghetti et al.
(2010a) and Rasia et al. (2012). The higher bias in the mass estimate
for the smallest systems is due to the triaxiality model by Jing & Suto
(2002) implemented in MOKA and extended down to these masses. In
this model, typically smaller systems tend to be more prolate than
the more massive ones in agreement with the fact that they are more
stretched by the gravitational field of the surrounding matter density

distribution during their collapse (Sheth, Mo & Tormen 2001). The
small trend of the normalization of the relation Mest/Mvir−Mvir as
a function of redshift reflects the fact that MOKA clusters at higher
redshifts tend on average to possess more substructures (van den
Bosch, Tormen & Giocoli 2005; Giocoli et al. 2010) and to have a
larger 3D ellipticity ϵ (Shaw et al. 2006, 2007; Giocoli et al. 2010;
Despali, Tormen & Sheth 2013; Limousin et al. 2013). From the
figure, we notice that when the constraint on the size of the Einstein
radius is included in the mass estimate, the corresponding mass bias
tends to be reduced: the modelling of the Einstein radius size is done
using a spherical model and so on average we tend to measure a
higher mass with the SL constraint (Bartelmann & Steinmetz 1996).
The absence of difference in the rescaled estimated mass between
WL and WL+SL for the smallest mass bins is due to the fact that
most of those clusters are not strong lenses or have small Einstein
radii: in those cases χ2

SL has a negligible contribution to the total
χ2. Meneghetti et al. (2010a) perform a similar analysis. They study
the lensing signals of three projections of three clusters extracted
from a numerical simulation. In particular, in the left-hand panel of
their fig. 16 they show the ratio between the estimated and true 3D
masses obtained best fitting the reduced tangential shear profile of
each cluster using, as we have done, an NFW functional. For the
case M200, the authors find a negative bias of about 15–5 per cent,
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Figure 6. Average of the rescaled estimated mass as a function of the true
cluster mass for haloes with higher or smaller ellipticity than in the plane of
the sky at redshift z = 0.288. Masses and concentrations have been evaluated
using both weak and strong lensing constraints.

consistent with what we have found in this work. However, the
flexibility and the speed of our algorithm MOKA allow us to generate
and analyse a sample of clusters which is more than five orders of
magnitude larger than the one studied by Meneghetti et al. (2010a).

We have also investigated what effect the cluster ellipticity on
the plane of the sky have on the estimated mass. For each mass
bin, we have computed the median potential ellipticity ϵ", 500 –
measured within R500 – and divided the halo sample into haloes
with smaller or higher ellipticity. In Fig. 6, we present the average
estimated mass as a function of the cluster mass for these two
samples, considering only the clusters at redshift z = 0.288. The
results for the other redshifts are quantitatively consistent. From
the figure, we see that the orientation of the main halo ellipsoid is

an important source of bias in the measured halo mass, as already
discussed by Meneghetti et al. (2010a). We consider in this case
the situation in which mass and concentration have been estimated
from the WL+SL constraints. Typically, we see that for clusters
whose major axis is oriented along the line of sight, the mass tends
to be overestimated – those are more spherical in the plane of the
sky (Morandi et al. 2010), while the opposite occurs for clusters
elongated in the perpendicular direction: most spherical clusters are
less biased than the most elliptical ones. An analogous result is
presented in Meneghetti et al. (2010a; see their fig. 17), where the
cluster masses tend to be under (over)estimated when large (small)
angles between the line of sight and the major axis of the halo
ellipsoid are present.

In Fig. 7, we show the average ratio between the estimated con-
centration and the true one as a function of the cluster mass. The
different panels refer to different redshifts and the data points have
the same meaning as in Fig. 5. The results show that adding to
the fit the constraint on the size of the Einstein radius does not
change significantly the average value of the distribution, while
it reduces the scatter for the most massive systems. The differ-
ent panels show the presence of a positive bias for the smallest
systems by less than ∼10 per cent, which decreases with the lens
redshift.

Our cluster lensing simulations include the presence of a BCG
and a recipe for the ADC. To understand how much these ingredi-
ents affect our mass and concentration measurements, we present in
the left (right) panel of Fig. 8 the ratio between the mass (concen-
tration) derived in simulations including BCG and ADC and that
estimated in simulations without the central galaxy. Blue triangles
and red circles refer to the case where only WL or WL+SL con-
straints are considered, respectively. We recall that in the first case
Mvir = Msmooth + Min subs + MBCG holds while for the second
Mvir = M ′

smooth + Min subs. We notice that fitting the whole profile
with an NFW function, we have an underestimate of the mass by
only few per cent with respect to the case in which the BCG is
not present. The trend is different for the concentration which for
small systems, where the cold baryon contribution is more impor-
tant since star formation is fractionally more efficient in low-mass
objects, is overestimated by 10−15 per cent, while for the more
massive clusters it is only few per cent. The two data points refer
again to the cases in which the fit is performed considering SL+WL

Figure 7. Average of the rescaled estimated concentration as a function of the true cluster mass. We show the case in which the concentration is estimated
using WL+SL (red circles) and only WL blue (triangles) information for systems at three different redshifts. For each considered case, the corresponding
upper and lower curves enclose the 1σ scatter of the distribution at fixed mass.
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M. Meneghetti et al.: Weighing simulated galaxy clusters using lensing and X-ray

Fig. 16. As in Fig. 15, but comparing the estimated and true 3D-masses.

4.2. Lensing 3D masses

As stated several times above, lensing measures the total mass
contained in cylinders and projected on the sky. To convert
the 2D-mass into 3D-mass estimates, deprojection needs to be
implemented. This requires to make some assumptions on the
shape of the clusters and on their 3D density profile. We assume
here that clusters are spherical and that their density profile is
well described by the NFW model.

Deprojection is done differently for the three methods inves-
tigated here. For the NFW fit method, we use the NFW param-
eters obtained from the fit of the tangential shear profile to cal-
culate the 3D-mass profile of the lenses. For the aperture mass
densitometry and for the SL+WL methods, we fit the 2D-mass
profiles with projected NFW models and we use the best-fit pa-
rameters to derive the 3D-mass profiles. These 3D-profiles are
shown in Fig. B.1 for the individual cluster projections.

Similar to Fig. 15, we show in Fig. 16 the ratios between
estimated and true 3D-masses at three over-density radii. It is
clear that in 3D the scatter between the estimates and the input
masses is significantly larger than in 2D. This is due to two main
reasons. First, lenses are triaxial, while we are assuming spheri-
cal symmetry during the deprojection. The impact of triaxiality
on lensing mass estimates was already highlighted by several au-
thors in past (e.g. Gavazzi 2005; Oguri et al. 2005). Depending
on the degree of triaxiality and on the orientation of the clusters
with respect to the line of sight, 3D-masses may result to be over-
or under-estimated. In particular, we find that, in the cases of
good alignment (i.e. small angles) between the major axis of the
cluster and the projection axis, the lensing masses tend to be sys-
tematically larger than the true masses, while the opposite occurs
in those cases where the major axis is nearly perpendicular to the
line of sight. This is shown in Fig. 17, where the lensing masses
are derived with the SL+WL method, which even in 3D seems to
provide the most accurate mass estimates. Given that the masses
of ellipsoids and spheres with the same azimuthal density pro-
file tend to converge at large distances from their centers, the
effect is strongest for M2500 and for M500, and mildest for M200.
However, even at R200, the analysis of our sample shows that the
scatter due to triaxiality is ∼20%. Similar results are found by
Corless & King (2007).

The second factor which makes the 3D lensing mass esti-
mates so noisy is the presence of substructures along the line
of sight. Since their distance from the lens plane is unknown,
the 3D-mass estimates can be severely affected by these mass
clumps, especially if they are located close to the cluster core
in projection. The high ratio between the estimated and the true
mass of g72 − z is in large part due to the presence of the mas-
sive sub-clump previously mentioned in the paper. This accounts
for ∼15% of the total cluster mass, but its erroneous inclusion in
the central 300 h−1 kpc significantly affects the mass estimates at
small radii.

Fig. 17. Ratio between estimated and true lensing masses as a func-
tion of the angle between the major axis of the cluster inertia ellip-
soid and the axis along which the mass distribution is projected. The
results are shown for the lensing masses obtained with the SL+WL
method. Squares, triangles and diamonds indicate the mass measure-
ments at R200, R500, and R2500, respectively.

Apart from this particular cluster projection, in the cases
of systems without large substructures along the line of sight,
3D-lensing masses are affected by an intrinsic uncertainty due
to triaxiality, which we estimate to be about 20% at R200.
Unfortunately, at smaller radii where the lensing measurements
of the 2D masses would be more robust, the scatter becomes
larger, since it is around 50%.

Recently by studying the weak lensing signal of 30 galaxy
clusters observed with the SUBARU telescope, Okabe et al.
(2009) have found that the mean ratios between 3D- and
2D-masses at Rvir and R500 are 1.34 ± 0.17 and 1.40 ± 0.10, re-
spectively, where Rvir is the virial radius. They derive the 2D-
masses using the aperture mass densitometry method, while the
3D-masses are obtained from the NFW fits of the shear profiles.
Their sample spans a range of masses that is much wider than
covered by our sample. From their Fig. 8, we can estimate that,
by limiting the analysis to masses Mvir ≥ 8 × 1014 h−1 M⊙ and
M500 ≥ 4 × 1014 h−1 M⊙, the ratios are lower (∼1.06 and ∼1.37
at Rvir and at R500, respectively). Averaging over our sample, we
find Map

vir,2D/M
NFW
vir,3D = 1.14 ± 0.09 and Map

500,2D/M
NFW
500,3D = 1.29 ±

0.08. These are in quite good agreement with the the ratios be-
tween the true 2D- and 3D-masses, which are Mtrue

vir,2D/M
true
vir,3D =

1.13 and Mtrue
500,2D/M

true
500,3D = 1.34. From these results, we can de-

duce that a) on average, the ratios between 2D- and 3D-masses
are well recovered, despite triaxiality and substructures affecting
individual mass estimates, and b) the agreement between simu-
lations and observations is an indication that the density profiles
of real and simulated clusters are, within the errors, compatible
with each other.
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Figure 4. Weak lensing (left), strong lensing (centre) and weak+strong lensing (right) constraints estimating mass and concentration for a smooth, spherical
NFW halo. The black dot represents the input halo mass and concentration. In all three cases, the minimum of the χ2 corresponds with the black dot.

Figure 5. Average of the rescaled estimated mass as a function of the true cluster mass. We show the case in which the mass is estimated using WL+SL
(circles) and only WL (triangles) information for systems at three different redshifts. The upper and lower curves show the 1σ scatter of the corresponding
distributions, red for WL+SL and blue for WL only. Each mass bin contains 2048 cluster realizations.

mass and redshift, we will study how the mass and concentration
bias depends on these quantities.

In Fig. 5, we show the average rescaled estimated mass as a
function of the cluster mass for three of the six considered redshifts.
The results of the three redshifts not displayed are consistent with
those here presented. The rescaled mass is the ratio between the
estimated and the true (3D) cluster masses (see Appendix A for
the comparison between the true and 2D cluster masses). We recall
that the simulations of the MOKA clusters include the presence of a
BCG, the ADC of the DM component, triaxiality and subhaloes.
Filled circles and triangles show the masses estimated considering
SL+WL and WL alone, respectively; the shaded region encloses
the 1σ scatter of the distribution. From the figure, we notice that
for groups and small clusters the mass is typically underestimated
by about 15 per cent, and for massive clusters the mass has a bias
ranging from 5 per cent down to a few per cent, consistent with
what has been found by Becker & Kravtsov (2011), Meneghetti et al.
(2010a) and Rasia et al. (2012). The higher bias in the mass estimate
for the smallest systems is due to the triaxiality model by Jing & Suto
(2002) implemented in MOKA and extended down to these masses. In
this model, typically smaller systems tend to be more prolate than
the more massive ones in agreement with the fact that they are more
stretched by the gravitational field of the surrounding matter density

distribution during their collapse (Sheth, Mo & Tormen 2001). The
small trend of the normalization of the relation Mest/Mvir−Mvir as
a function of redshift reflects the fact that MOKA clusters at higher
redshifts tend on average to possess more substructures (van den
Bosch, Tormen & Giocoli 2005; Giocoli et al. 2010) and to have a
larger 3D ellipticity ϵ (Shaw et al. 2006, 2007; Giocoli et al. 2010;
Despali, Tormen & Sheth 2013; Limousin et al. 2013). From the
figure, we notice that when the constraint on the size of the Einstein
radius is included in the mass estimate, the corresponding mass bias
tends to be reduced: the modelling of the Einstein radius size is done
using a spherical model and so on average we tend to measure a
higher mass with the SL constraint (Bartelmann & Steinmetz 1996).
The absence of difference in the rescaled estimated mass between
WL and WL+SL for the smallest mass bins is due to the fact that
most of those clusters are not strong lenses or have small Einstein
radii: in those cases χ2

SL has a negligible contribution to the total
χ2. Meneghetti et al. (2010a) perform a similar analysis. They study
the lensing signals of three projections of three clusters extracted
from a numerical simulation. In particular, in the left-hand panel of
their fig. 16 they show the ratio between the estimated and true 3D
masses obtained best fitting the reduced tangential shear profile of
each cluster using, as we have done, an NFW functional. For the
case M200, the authors find a negative bias of about 15–5 per cent,
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Figure 6. Average of the rescaled estimated mass as a function of the true
cluster mass for haloes with higher or smaller ellipticity than in the plane of
the sky at redshift z = 0.288. Masses and concentrations have been evaluated
using both weak and strong lensing constraints.

consistent with what we have found in this work. However, the
flexibility and the speed of our algorithm MOKA allow us to generate
and analyse a sample of clusters which is more than five orders of
magnitude larger than the one studied by Meneghetti et al. (2010a).

We have also investigated what effect the cluster ellipticity on
the plane of the sky have on the estimated mass. For each mass
bin, we have computed the median potential ellipticity ϵ", 500 –
measured within R500 – and divided the halo sample into haloes
with smaller or higher ellipticity. In Fig. 6, we present the average
estimated mass as a function of the cluster mass for these two
samples, considering only the clusters at redshift z = 0.288. The
results for the other redshifts are quantitatively consistent. From
the figure, we see that the orientation of the main halo ellipsoid is

an important source of bias in the measured halo mass, as already
discussed by Meneghetti et al. (2010a). We consider in this case
the situation in which mass and concentration have been estimated
from the WL+SL constraints. Typically, we see that for clusters
whose major axis is oriented along the line of sight, the mass tends
to be overestimated – those are more spherical in the plane of the
sky (Morandi et al. 2010), while the opposite occurs for clusters
elongated in the perpendicular direction: most spherical clusters are
less biased than the most elliptical ones. An analogous result is
presented in Meneghetti et al. (2010a; see their fig. 17), where the
cluster masses tend to be under (over)estimated when large (small)
angles between the line of sight and the major axis of the halo
ellipsoid are present.

In Fig. 7, we show the average ratio between the estimated con-
centration and the true one as a function of the cluster mass. The
different panels refer to different redshifts and the data points have
the same meaning as in Fig. 5. The results show that adding to
the fit the constraint on the size of the Einstein radius does not
change significantly the average value of the distribution, while
it reduces the scatter for the most massive systems. The differ-
ent panels show the presence of a positive bias for the smallest
systems by less than ∼10 per cent, which decreases with the lens
redshift.

Our cluster lensing simulations include the presence of a BCG
and a recipe for the ADC. To understand how much these ingredi-
ents affect our mass and concentration measurements, we present in
the left (right) panel of Fig. 8 the ratio between the mass (concen-
tration) derived in simulations including BCG and ADC and that
estimated in simulations without the central galaxy. Blue triangles
and red circles refer to the case where only WL or WL+SL con-
straints are considered, respectively. We recall that in the first case
Mvir = Msmooth + Min subs + MBCG holds while for the second
Mvir = M ′

smooth + Min subs. We notice that fitting the whole profile
with an NFW function, we have an underestimate of the mass by
only few per cent with respect to the case in which the BCG is
not present. The trend is different for the concentration which for
small systems, where the cold baryon contribution is more impor-
tant since star formation is fractionally more efficient in low-mass
objects, is overestimated by 10−15 per cent, while for the more
massive clusters it is only few per cent. The two data points refer
again to the cases in which the fit is performed considering SL+WL

Figure 7. Average of the rescaled estimated concentration as a function of the true cluster mass. We show the case in which the concentration is estimated
using WL+SL (red circles) and only WL blue (triangles) information for systems at three different redshifts. For each considered case, the corresponding
upper and lower curves enclose the 1σ scatter of the distribution at fixed mass.
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Fig. 16. As in Fig. 15, but comparing the estimated and true 3D-masses.

4.2. Lensing 3D masses

As stated several times above, lensing measures the total mass
contained in cylinders and projected on the sky. To convert
the 2D-mass into 3D-mass estimates, deprojection needs to be
implemented. This requires to make some assumptions on the
shape of the clusters and on their 3D density profile. We assume
here that clusters are spherical and that their density profile is
well described by the NFW model.

Deprojection is done differently for the three methods inves-
tigated here. For the NFW fit method, we use the NFW param-
eters obtained from the fit of the tangential shear profile to cal-
culate the 3D-mass profile of the lenses. For the aperture mass
densitometry and for the SL+WL methods, we fit the 2D-mass
profiles with projected NFW models and we use the best-fit pa-
rameters to derive the 3D-mass profiles. These 3D-profiles are
shown in Fig. B.1 for the individual cluster projections.

Similar to Fig. 15, we show in Fig. 16 the ratios between
estimated and true 3D-masses at three over-density radii. It is
clear that in 3D the scatter between the estimates and the input
masses is significantly larger than in 2D. This is due to two main
reasons. First, lenses are triaxial, while we are assuming spheri-
cal symmetry during the deprojection. The impact of triaxiality
on lensing mass estimates was already highlighted by several au-
thors in past (e.g. Gavazzi 2005; Oguri et al. 2005). Depending
on the degree of triaxiality and on the orientation of the clusters
with respect to the line of sight, 3D-masses may result to be over-
or under-estimated. In particular, we find that, in the cases of
good alignment (i.e. small angles) between the major axis of the
cluster and the projection axis, the lensing masses tend to be sys-
tematically larger than the true masses, while the opposite occurs
in those cases where the major axis is nearly perpendicular to the
line of sight. This is shown in Fig. 17, where the lensing masses
are derived with the SL+WL method, which even in 3D seems to
provide the most accurate mass estimates. Given that the masses
of ellipsoids and spheres with the same azimuthal density pro-
file tend to converge at large distances from their centers, the
effect is strongest for M2500 and for M500, and mildest for M200.
However, even at R200, the analysis of our sample shows that the
scatter due to triaxiality is ∼20%. Similar results are found by
Corless & King (2007).

The second factor which makes the 3D lensing mass esti-
mates so noisy is the presence of substructures along the line
of sight. Since their distance from the lens plane is unknown,
the 3D-mass estimates can be severely affected by these mass
clumps, especially if they are located close to the cluster core
in projection. The high ratio between the estimated and the true
mass of g72 − z is in large part due to the presence of the mas-
sive sub-clump previously mentioned in the paper. This accounts
for ∼15% of the total cluster mass, but its erroneous inclusion in
the central 300 h−1 kpc significantly affects the mass estimates at
small radii.

Fig. 17. Ratio between estimated and true lensing masses as a func-
tion of the angle between the major axis of the cluster inertia ellip-
soid and the axis along which the mass distribution is projected. The
results are shown for the lensing masses obtained with the SL+WL
method. Squares, triangles and diamonds indicate the mass measure-
ments at R200, R500, and R2500, respectively.

Apart from this particular cluster projection, in the cases
of systems without large substructures along the line of sight,
3D-lensing masses are affected by an intrinsic uncertainty due
to triaxiality, which we estimate to be about 20% at R200.
Unfortunately, at smaller radii where the lensing measurements
of the 2D masses would be more robust, the scatter becomes
larger, since it is around 50%.

Recently by studying the weak lensing signal of 30 galaxy
clusters observed with the SUBARU telescope, Okabe et al.
(2009) have found that the mean ratios between 3D- and
2D-masses at Rvir and R500 are 1.34 ± 0.17 and 1.40 ± 0.10, re-
spectively, where Rvir is the virial radius. They derive the 2D-
masses using the aperture mass densitometry method, while the
3D-masses are obtained from the NFW fits of the shear profiles.
Their sample spans a range of masses that is much wider than
covered by our sample. From their Fig. 8, we can estimate that,
by limiting the analysis to masses Mvir ≥ 8 × 1014 h−1 M⊙ and
M500 ≥ 4 × 1014 h−1 M⊙, the ratios are lower (∼1.06 and ∼1.37
at Rvir and at R500, respectively). Averaging over our sample, we
find Map

vir,2D/M
NFW
vir,3D = 1.14 ± 0.09 and Map

500,2D/M
NFW
500,3D = 1.29 ±

0.08. These are in quite good agreement with the the ratios be-
tween the true 2D- and 3D-masses, which are Mtrue

vir,2D/M
true
vir,3D =

1.13 and Mtrue
500,2D/M

true
500,3D = 1.34. From these results, we can de-

duce that a) on average, the ratios between 2D- and 3D-masses
are well recovered, despite triaxiality and substructures affecting
individual mass estimates, and b) the agreement between simu-
lations and observations is an indication that the density profiles
of real and simulated clusters are, within the errors, compatible
with each other.
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Figure 4. Weak lensing (left), strong lensing (centre) and weak+strong lensing (right) constraints estimating mass and concentration for a smooth, spherical
NFW halo. The black dot represents the input halo mass and concentration. In all three cases, the minimum of the χ2 corresponds with the black dot.

Figure 5. Average of the rescaled estimated mass as a function of the true cluster mass. We show the case in which the mass is estimated using WL+SL
(circles) and only WL (triangles) information for systems at three different redshifts. The upper and lower curves show the 1σ scatter of the corresponding
distributions, red for WL+SL and blue for WL only. Each mass bin contains 2048 cluster realizations.

mass and redshift, we will study how the mass and concentration
bias depends on these quantities.

In Fig. 5, we show the average rescaled estimated mass as a
function of the cluster mass for three of the six considered redshifts.
The results of the three redshifts not displayed are consistent with
those here presented. The rescaled mass is the ratio between the
estimated and the true (3D) cluster masses (see Appendix A for
the comparison between the true and 2D cluster masses). We recall
that the simulations of the MOKA clusters include the presence of a
BCG, the ADC of the DM component, triaxiality and subhaloes.
Filled circles and triangles show the masses estimated considering
SL+WL and WL alone, respectively; the shaded region encloses
the 1σ scatter of the distribution. From the figure, we notice that
for groups and small clusters the mass is typically underestimated
by about 15 per cent, and for massive clusters the mass has a bias
ranging from 5 per cent down to a few per cent, consistent with
what has been found by Becker & Kravtsov (2011), Meneghetti et al.
(2010a) and Rasia et al. (2012). The higher bias in the mass estimate
for the smallest systems is due to the triaxiality model by Jing & Suto
(2002) implemented in MOKA and extended down to these masses. In
this model, typically smaller systems tend to be more prolate than
the more massive ones in agreement with the fact that they are more
stretched by the gravitational field of the surrounding matter density

distribution during their collapse (Sheth, Mo & Tormen 2001). The
small trend of the normalization of the relation Mest/Mvir−Mvir as
a function of redshift reflects the fact that MOKA clusters at higher
redshifts tend on average to possess more substructures (van den
Bosch, Tormen & Giocoli 2005; Giocoli et al. 2010) and to have a
larger 3D ellipticity ϵ (Shaw et al. 2006, 2007; Giocoli et al. 2010;
Despali, Tormen & Sheth 2013; Limousin et al. 2013). From the
figure, we notice that when the constraint on the size of the Einstein
radius is included in the mass estimate, the corresponding mass bias
tends to be reduced: the modelling of the Einstein radius size is done
using a spherical model and so on average we tend to measure a
higher mass with the SL constraint (Bartelmann & Steinmetz 1996).
The absence of difference in the rescaled estimated mass between
WL and WL+SL for the smallest mass bins is due to the fact that
most of those clusters are not strong lenses or have small Einstein
radii: in those cases χ2

SL has a negligible contribution to the total
χ2. Meneghetti et al. (2010a) perform a similar analysis. They study
the lensing signals of three projections of three clusters extracted
from a numerical simulation. In particular, in the left-hand panel of
their fig. 16 they show the ratio between the estimated and true 3D
masses obtained best fitting the reduced tangential shear profile of
each cluster using, as we have done, an NFW functional. For the
case M200, the authors find a negative bias of about 15–5 per cent,
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Figure 6. Average of the rescaled estimated mass as a function of the true
cluster mass for haloes with higher or smaller ellipticity than in the plane of
the sky at redshift z = 0.288. Masses and concentrations have been evaluated
using both weak and strong lensing constraints.

consistent with what we have found in this work. However, the
flexibility and the speed of our algorithm MOKA allow us to generate
and analyse a sample of clusters which is more than five orders of
magnitude larger than the one studied by Meneghetti et al. (2010a).

We have also investigated what effect the cluster ellipticity on
the plane of the sky have on the estimated mass. For each mass
bin, we have computed the median potential ellipticity ϵ", 500 –
measured within R500 – and divided the halo sample into haloes
with smaller or higher ellipticity. In Fig. 6, we present the average
estimated mass as a function of the cluster mass for these two
samples, considering only the clusters at redshift z = 0.288. The
results for the other redshifts are quantitatively consistent. From
the figure, we see that the orientation of the main halo ellipsoid is

an important source of bias in the measured halo mass, as already
discussed by Meneghetti et al. (2010a). We consider in this case
the situation in which mass and concentration have been estimated
from the WL+SL constraints. Typically, we see that for clusters
whose major axis is oriented along the line of sight, the mass tends
to be overestimated – those are more spherical in the plane of the
sky (Morandi et al. 2010), while the opposite occurs for clusters
elongated in the perpendicular direction: most spherical clusters are
less biased than the most elliptical ones. An analogous result is
presented in Meneghetti et al. (2010a; see their fig. 17), where the
cluster masses tend to be under (over)estimated when large (small)
angles between the line of sight and the major axis of the halo
ellipsoid are present.

In Fig. 7, we show the average ratio between the estimated con-
centration and the true one as a function of the cluster mass. The
different panels refer to different redshifts and the data points have
the same meaning as in Fig. 5. The results show that adding to
the fit the constraint on the size of the Einstein radius does not
change significantly the average value of the distribution, while
it reduces the scatter for the most massive systems. The differ-
ent panels show the presence of a positive bias for the smallest
systems by less than ∼10 per cent, which decreases with the lens
redshift.

Our cluster lensing simulations include the presence of a BCG
and a recipe for the ADC. To understand how much these ingredi-
ents affect our mass and concentration measurements, we present in
the left (right) panel of Fig. 8 the ratio between the mass (concen-
tration) derived in simulations including BCG and ADC and that
estimated in simulations without the central galaxy. Blue triangles
and red circles refer to the case where only WL or WL+SL con-
straints are considered, respectively. We recall that in the first case
Mvir = Msmooth + Min subs + MBCG holds while for the second
Mvir = M ′

smooth + Min subs. We notice that fitting the whole profile
with an NFW function, we have an underestimate of the mass by
only few per cent with respect to the case in which the BCG is
not present. The trend is different for the concentration which for
small systems, where the cold baryon contribution is more impor-
tant since star formation is fractionally more efficient in low-mass
objects, is overestimated by 10−15 per cent, while for the more
massive clusters it is only few per cent. The two data points refer
again to the cases in which the fit is performed considering SL+WL

Figure 7. Average of the rescaled estimated concentration as a function of the true cluster mass. We show the case in which the concentration is estimated
using WL+SL (red circles) and only WL blue (triangles) information for systems at three different redshifts. For each considered case, the corresponding
upper and lower curves enclose the 1σ scatter of the distribution at fixed mass.
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Fig. 16. As in Fig. 15, but comparing the estimated and true 3D-masses.

4.2. Lensing 3D masses

As stated several times above, lensing measures the total mass
contained in cylinders and projected on the sky. To convert
the 2D-mass into 3D-mass estimates, deprojection needs to be
implemented. This requires to make some assumptions on the
shape of the clusters and on their 3D density profile. We assume
here that clusters are spherical and that their density profile is
well described by the NFW model.

Deprojection is done differently for the three methods inves-
tigated here. For the NFW fit method, we use the NFW param-
eters obtained from the fit of the tangential shear profile to cal-
culate the 3D-mass profile of the lenses. For the aperture mass
densitometry and for the SL+WL methods, we fit the 2D-mass
profiles with projected NFW models and we use the best-fit pa-
rameters to derive the 3D-mass profiles. These 3D-profiles are
shown in Fig. B.1 for the individual cluster projections.

Similar to Fig. 15, we show in Fig. 16 the ratios between
estimated and true 3D-masses at three over-density radii. It is
clear that in 3D the scatter between the estimates and the input
masses is significantly larger than in 2D. This is due to two main
reasons. First, lenses are triaxial, while we are assuming spheri-
cal symmetry during the deprojection. The impact of triaxiality
on lensing mass estimates was already highlighted by several au-
thors in past (e.g. Gavazzi 2005; Oguri et al. 2005). Depending
on the degree of triaxiality and on the orientation of the clusters
with respect to the line of sight, 3D-masses may result to be over-
or under-estimated. In particular, we find that, in the cases of
good alignment (i.e. small angles) between the major axis of the
cluster and the projection axis, the lensing masses tend to be sys-
tematically larger than the true masses, while the opposite occurs
in those cases where the major axis is nearly perpendicular to the
line of sight. This is shown in Fig. 17, where the lensing masses
are derived with the SL+WL method, which even in 3D seems to
provide the most accurate mass estimates. Given that the masses
of ellipsoids and spheres with the same azimuthal density pro-
file tend to converge at large distances from their centers, the
effect is strongest for M2500 and for M500, and mildest for M200.
However, even at R200, the analysis of our sample shows that the
scatter due to triaxiality is ∼20%. Similar results are found by
Corless & King (2007).

The second factor which makes the 3D lensing mass esti-
mates so noisy is the presence of substructures along the line
of sight. Since their distance from the lens plane is unknown,
the 3D-mass estimates can be severely affected by these mass
clumps, especially if they are located close to the cluster core
in projection. The high ratio between the estimated and the true
mass of g72 − z is in large part due to the presence of the mas-
sive sub-clump previously mentioned in the paper. This accounts
for ∼15% of the total cluster mass, but its erroneous inclusion in
the central 300 h−1 kpc significantly affects the mass estimates at
small radii.

Fig. 17. Ratio between estimated and true lensing masses as a func-
tion of the angle between the major axis of the cluster inertia ellip-
soid and the axis along which the mass distribution is projected. The
results are shown for the lensing masses obtained with the SL+WL
method. Squares, triangles and diamonds indicate the mass measure-
ments at R200, R500, and R2500, respectively.

Apart from this particular cluster projection, in the cases
of systems without large substructures along the line of sight,
3D-lensing masses are affected by an intrinsic uncertainty due
to triaxiality, which we estimate to be about 20% at R200.
Unfortunately, at smaller radii where the lensing measurements
of the 2D masses would be more robust, the scatter becomes
larger, since it is around 50%.

Recently by studying the weak lensing signal of 30 galaxy
clusters observed with the SUBARU telescope, Okabe et al.
(2009) have found that the mean ratios between 3D- and
2D-masses at Rvir and R500 are 1.34 ± 0.17 and 1.40 ± 0.10, re-
spectively, where Rvir is the virial radius. They derive the 2D-
masses using the aperture mass densitometry method, while the
3D-masses are obtained from the NFW fits of the shear profiles.
Their sample spans a range of masses that is much wider than
covered by our sample. From their Fig. 8, we can estimate that,
by limiting the analysis to masses Mvir ≥ 8 × 1014 h−1 M⊙ and
M500 ≥ 4 × 1014 h−1 M⊙, the ratios are lower (∼1.06 and ∼1.37
at Rvir and at R500, respectively). Averaging over our sample, we
find Map

vir,2D/M
NFW
vir,3D = 1.14 ± 0.09 and Map

500,2D/M
NFW
500,3D = 1.29 ±

0.08. These are in quite good agreement with the the ratios be-
tween the true 2D- and 3D-masses, which are Mtrue

vir,2D/M
true
vir,3D =

1.13 and Mtrue
500,2D/M

true
500,3D = 1.34. From these results, we can de-

duce that a) on average, the ratios between 2D- and 3D-masses
are well recovered, despite triaxiality and substructures affecting
individual mass estimates, and b) the agreement between simu-
lations and observations is an indication that the density profiles
of real and simulated clusters are, within the errors, compatible
with each other.
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Figure 4. Weak lensing (left), strong lensing (centre) and weak+strong lensing (right) constraints estimating mass and concentration for a smooth, spherical
NFW halo. The black dot represents the input halo mass and concentration. In all three cases, the minimum of the χ2 corresponds with the black dot.

Figure 5. Average of the rescaled estimated mass as a function of the true cluster mass. We show the case in which the mass is estimated using WL+SL
(circles) and only WL (triangles) information for systems at three different redshifts. The upper and lower curves show the 1σ scatter of the corresponding
distributions, red for WL+SL and blue for WL only. Each mass bin contains 2048 cluster realizations.

mass and redshift, we will study how the mass and concentration
bias depends on these quantities.

In Fig. 5, we show the average rescaled estimated mass as a
function of the cluster mass for three of the six considered redshifts.
The results of the three redshifts not displayed are consistent with
those here presented. The rescaled mass is the ratio between the
estimated and the true (3D) cluster masses (see Appendix A for
the comparison between the true and 2D cluster masses). We recall
that the simulations of the MOKA clusters include the presence of a
BCG, the ADC of the DM component, triaxiality and subhaloes.
Filled circles and triangles show the masses estimated considering
SL+WL and WL alone, respectively; the shaded region encloses
the 1σ scatter of the distribution. From the figure, we notice that
for groups and small clusters the mass is typically underestimated
by about 15 per cent, and for massive clusters the mass has a bias
ranging from 5 per cent down to a few per cent, consistent with
what has been found by Becker & Kravtsov (2011), Meneghetti et al.
(2010a) and Rasia et al. (2012). The higher bias in the mass estimate
for the smallest systems is due to the triaxiality model by Jing & Suto
(2002) implemented in MOKA and extended down to these masses. In
this model, typically smaller systems tend to be more prolate than
the more massive ones in agreement with the fact that they are more
stretched by the gravitational field of the surrounding matter density

distribution during their collapse (Sheth, Mo & Tormen 2001). The
small trend of the normalization of the relation Mest/Mvir−Mvir as
a function of redshift reflects the fact that MOKA clusters at higher
redshifts tend on average to possess more substructures (van den
Bosch, Tormen & Giocoli 2005; Giocoli et al. 2010) and to have a
larger 3D ellipticity ϵ (Shaw et al. 2006, 2007; Giocoli et al. 2010;
Despali, Tormen & Sheth 2013; Limousin et al. 2013). From the
figure, we notice that when the constraint on the size of the Einstein
radius is included in the mass estimate, the corresponding mass bias
tends to be reduced: the modelling of the Einstein radius size is done
using a spherical model and so on average we tend to measure a
higher mass with the SL constraint (Bartelmann & Steinmetz 1996).
The absence of difference in the rescaled estimated mass between
WL and WL+SL for the smallest mass bins is due to the fact that
most of those clusters are not strong lenses or have small Einstein
radii: in those cases χ2

SL has a negligible contribution to the total
χ2. Meneghetti et al. (2010a) perform a similar analysis. They study
the lensing signals of three projections of three clusters extracted
from a numerical simulation. In particular, in the left-hand panel of
their fig. 16 they show the ratio between the estimated and true 3D
masses obtained best fitting the reduced tangential shear profile of
each cluster using, as we have done, an NFW functional. For the
case M200, the authors find a negative bias of about 15–5 per cent,
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Figure 6. Average of the rescaled estimated mass as a function of the true
cluster mass for haloes with higher or smaller ellipticity than in the plane of
the sky at redshift z = 0.288. Masses and concentrations have been evaluated
using both weak and strong lensing constraints.

consistent with what we have found in this work. However, the
flexibility and the speed of our algorithm MOKA allow us to generate
and analyse a sample of clusters which is more than five orders of
magnitude larger than the one studied by Meneghetti et al. (2010a).

We have also investigated what effect the cluster ellipticity on
the plane of the sky have on the estimated mass. For each mass
bin, we have computed the median potential ellipticity ϵ", 500 –
measured within R500 – and divided the halo sample into haloes
with smaller or higher ellipticity. In Fig. 6, we present the average
estimated mass as a function of the cluster mass for these two
samples, considering only the clusters at redshift z = 0.288. The
results for the other redshifts are quantitatively consistent. From
the figure, we see that the orientation of the main halo ellipsoid is

an important source of bias in the measured halo mass, as already
discussed by Meneghetti et al. (2010a). We consider in this case
the situation in which mass and concentration have been estimated
from the WL+SL constraints. Typically, we see that for clusters
whose major axis is oriented along the line of sight, the mass tends
to be overestimated – those are more spherical in the plane of the
sky (Morandi et al. 2010), while the opposite occurs for clusters
elongated in the perpendicular direction: most spherical clusters are
less biased than the most elliptical ones. An analogous result is
presented in Meneghetti et al. (2010a; see their fig. 17), where the
cluster masses tend to be under (over)estimated when large (small)
angles between the line of sight and the major axis of the halo
ellipsoid are present.

In Fig. 7, we show the average ratio between the estimated con-
centration and the true one as a function of the cluster mass. The
different panels refer to different redshifts and the data points have
the same meaning as in Fig. 5. The results show that adding to
the fit the constraint on the size of the Einstein radius does not
change significantly the average value of the distribution, while
it reduces the scatter for the most massive systems. The differ-
ent panels show the presence of a positive bias for the smallest
systems by less than ∼10 per cent, which decreases with the lens
redshift.

Our cluster lensing simulations include the presence of a BCG
and a recipe for the ADC. To understand how much these ingredi-
ents affect our mass and concentration measurements, we present in
the left (right) panel of Fig. 8 the ratio between the mass (concen-
tration) derived in simulations including BCG and ADC and that
estimated in simulations without the central galaxy. Blue triangles
and red circles refer to the case where only WL or WL+SL con-
straints are considered, respectively. We recall that in the first case
Mvir = Msmooth + Min subs + MBCG holds while for the second
Mvir = M ′

smooth + Min subs. We notice that fitting the whole profile
with an NFW function, we have an underestimate of the mass by
only few per cent with respect to the case in which the BCG is
not present. The trend is different for the concentration which for
small systems, where the cold baryon contribution is more impor-
tant since star formation is fractionally more efficient in low-mass
objects, is overestimated by 10−15 per cent, while for the more
massive clusters it is only few per cent. The two data points refer
again to the cases in which the fit is performed considering SL+WL

Figure 7. Average of the rescaled estimated concentration as a function of the true cluster mass. We show the case in which the concentration is estimated
using WL+SL (red circles) and only WL blue (triangles) information for systems at three different redshifts. For each considered case, the corresponding
upper and lower curves enclose the 1σ scatter of the distribution at fixed mass.
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see also Becker and Kravtsov 2011, Gao et al. 2012, Mandelbaum 2010, Giocoli et al. 2012c

Meneghetti+2010b: 

M. Meneghetti et al.: Weighing simulated galaxy clusters using lensing and X-ray

Fig. 16. As in Fig. 15, but comparing the estimated and true 3D-masses.

4.2. Lensing 3D masses

As stated several times above, lensing measures the total mass
contained in cylinders and projected on the sky. To convert
the 2D-mass into 3D-mass estimates, deprojection needs to be
implemented. This requires to make some assumptions on the
shape of the clusters and on their 3D density profile. We assume
here that clusters are spherical and that their density profile is
well described by the NFW model.

Deprojection is done differently for the three methods inves-
tigated here. For the NFW fit method, we use the NFW param-
eters obtained from the fit of the tangential shear profile to cal-
culate the 3D-mass profile of the lenses. For the aperture mass
densitometry and for the SL+WL methods, we fit the 2D-mass
profiles with projected NFW models and we use the best-fit pa-
rameters to derive the 3D-mass profiles. These 3D-profiles are
shown in Fig. B.1 for the individual cluster projections.

Similar to Fig. 15, we show in Fig. 16 the ratios between
estimated and true 3D-masses at three over-density radii. It is
clear that in 3D the scatter between the estimates and the input
masses is significantly larger than in 2D. This is due to two main
reasons. First, lenses are triaxial, while we are assuming spheri-
cal symmetry during the deprojection. The impact of triaxiality
on lensing mass estimates was already highlighted by several au-
thors in past (e.g. Gavazzi 2005; Oguri et al. 2005). Depending
on the degree of triaxiality and on the orientation of the clusters
with respect to the line of sight, 3D-masses may result to be over-
or under-estimated. In particular, we find that, in the cases of
good alignment (i.e. small angles) between the major axis of the
cluster and the projection axis, the lensing masses tend to be sys-
tematically larger than the true masses, while the opposite occurs
in those cases where the major axis is nearly perpendicular to the
line of sight. This is shown in Fig. 17, where the lensing masses
are derived with the SL+WL method, which even in 3D seems to
provide the most accurate mass estimates. Given that the masses
of ellipsoids and spheres with the same azimuthal density pro-
file tend to converge at large distances from their centers, the
effect is strongest for M2500 and for M500, and mildest for M200.
However, even at R200, the analysis of our sample shows that the
scatter due to triaxiality is ∼20%. Similar results are found by
Corless & King (2007).

The second factor which makes the 3D lensing mass esti-
mates so noisy is the presence of substructures along the line
of sight. Since their distance from the lens plane is unknown,
the 3D-mass estimates can be severely affected by these mass
clumps, especially if they are located close to the cluster core
in projection. The high ratio between the estimated and the true
mass of g72 − z is in large part due to the presence of the mas-
sive sub-clump previously mentioned in the paper. This accounts
for ∼15% of the total cluster mass, but its erroneous inclusion in
the central 300 h−1 kpc significantly affects the mass estimates at
small radii.

Fig. 17. Ratio between estimated and true lensing masses as a func-
tion of the angle between the major axis of the cluster inertia ellip-
soid and the axis along which the mass distribution is projected. The
results are shown for the lensing masses obtained with the SL+WL
method. Squares, triangles and diamonds indicate the mass measure-
ments at R200, R500, and R2500, respectively.

Apart from this particular cluster projection, in the cases
of systems without large substructures along the line of sight,
3D-lensing masses are affected by an intrinsic uncertainty due
to triaxiality, which we estimate to be about 20% at R200.
Unfortunately, at smaller radii where the lensing measurements
of the 2D masses would be more robust, the scatter becomes
larger, since it is around 50%.

Recently by studying the weak lensing signal of 30 galaxy
clusters observed with the SUBARU telescope, Okabe et al.
(2009) have found that the mean ratios between 3D- and
2D-masses at Rvir and R500 are 1.34 ± 0.17 and 1.40 ± 0.10, re-
spectively, where Rvir is the virial radius. They derive the 2D-
masses using the aperture mass densitometry method, while the
3D-masses are obtained from the NFW fits of the shear profiles.
Their sample spans a range of masses that is much wider than
covered by our sample. From their Fig. 8, we can estimate that,
by limiting the analysis to masses Mvir ≥ 8 × 1014 h−1 M⊙ and
M500 ≥ 4 × 1014 h−1 M⊙, the ratios are lower (∼1.06 and ∼1.37
at Rvir and at R500, respectively). Averaging over our sample, we
find Map

vir,2D/M
NFW
vir,3D = 1.14 ± 0.09 and Map

500,2D/M
NFW
500,3D = 1.29 ±

0.08. These are in quite good agreement with the the ratios be-
tween the true 2D- and 3D-masses, which are Mtrue

vir,2D/M
true
vir,3D =

1.13 and Mtrue
500,2D/M

true
500,3D = 1.34. From these results, we can de-

duce that a) on average, the ratios between 2D- and 3D-masses
are well recovered, despite triaxiality and substructures affecting
individual mass estimates, and b) the agreement between simu-
lations and observations is an indication that the density profiles
of real and simulated clusters are, within the errors, compatible
with each other.
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Figure 8. Ratio between different quantities estimated in simulations with BCG+ADC and without BCG as a function of the cluster mass. Left- and right-hand
panels refer to mass and concentration, respectively. Blue triangles and red circles refer to the case where mass and concentration are estimated using only WL
or WL+SL constraints, respectively.

(circles) and WL only (triangles). The shaded region encloses the
1σ scatter of the distribution for a fixed value of the true cluster
mass.

4 MA S S E S A N D C O N C E N T R AT I O N S FRO M
G E N E R A L I Z E D N F W F I T T I N G

Many studies analysing haloes from DM-only numerical simula-
tions have shown that the halo density profile (Neto et al. 2007;
Gao et al. 2012) is well described by the NFW relation. However,
in our case, we need to take into account the fact that real galaxy
clusters are not only made up of DM – that accounts for more than
85 per cent of the total mass – but also of baryons, divided into
cold and hot components. While the hot component is more evenly
spread in the potential well of the cluster – possessing a scale radius
of the density profile rs,h of the order of hundreds kpc h−1 – the
cold component, which turns into the presence of a bright central
galaxy, is more concentrated towards the centre with a scale radius
rs,c much smaller than rs,h. This translates into a total density profile
which is different from an NFW relation and typically has an inner
slope larger than unity. In order to better model the increase of the
density distribution towards the cluster centre, we can introduce a
free parameter β in the NFW equation which allows the central
slope to freely vary (Zhao 1996; Jing 2000):

ρgNFW(r,β|Mvir, cvir) = ρs

(r/rs)β (1 + r/rs)3−β
, (17)

where ρs represents the density within the scale radius rs. In order to
define the concentration, it is useful to introduce the quantity r−2 as
the radius at which the logarithmic density profile is −2. This allows
us to write r−2 = (2 − β)rs and the concentration c−2 ≡ Rvir/r−2 =
cvir/(2 − β). The profile and the corresponding definitions match
the NFW function when β = 1. The generalized NFW convergence

can be obtained by integrating the profile in equation (17) along the
line of sight:

κgNFW(r ′) =
! ∞

−∞
ρgNFW(r, ζ ) dζ , (18)

with r2 → r ′2 + ζ 2 and r ′ the radius vector on the plane of the sky.
We can now define the dimensionless mass m(x) =

" x

0 xκ(x) dx

and the shear:

γgNFW(x) = mgNFW(x)
x2

− κgNFW(x) , (19)

with x = r/rs. By setting λt = 0 in equation (10), we can find
the Einstein radius for the generalized NFW profile, which we
use as a reference model in constructing χ2

SL. The χ2 is in this
case minimized in order to obtain three parameters: the virial
mass, the concentration and the inner slope β of the total density
profile.

In Fig. 9, we show as a function of the halo mass the average
rescaled mass and concentration, and the inner slope estimated
by fitting the tangential shear profile and the size of the Einstein
radius using a generalized NFW profile (the relations at the other
redshifts are consistent with what presented here at z = 0.288). The
shaded region encloses the 1σ scatter of the distributions at a fixed
halo mass, while the points represent the average value. From the
figure, we notice that using the gNFW profile, the bias in the mass
is reduced by about 10 per cent for the smallest systems, but the
scatter remains as large as in the NFW case. The average measure
of the concentration is almost unbiased – of the order of few per
cent. From the right-hand panel, we notice that on average we tend
to measure an inner slope larger than unity for the smallest systems.
This behaviour is related to the fact that we are fitting the total 2D
matter density distribution including the contribution both from DM
and the bright central galaxy. Since the BCG steepens the profile
and affects more significantly the core of the smallest systems, we
tend to measure on average an inner slope that is even 20 per cent
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Results for z=0.288 (Subs + Tri + Bcg + Adc)

effect of the BCG, residuals are related to substructures and halo triaxiality (prolate)  
see Despali’s talk and Bonamigo’s poster 
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Figure 2. Concentration, c
200

, and mass, M
200

of the stacked clusters. The thick and thin black lines enclose the 1- and 2-� confidence regions for two
parameters. The blue graphics represent the c–M relation fitted to the individual clusters. The thick and dashed blue lines correspond to the ‘fit-lin’, and
‘fit-bias’ regression procedure, respectively. The blue area encloses the 1-� region for the ‘fit-lin’ case. The top left, top right, bottom left and bottom right
panels illustrate the results based on the CLASH, the SGAS, the high-z, and the LOCUSS sample, respectively.

compare with the X-ray morphology of the observed cluster when
available.

For each observed cluster sample (CLASH, SGAS, high-z and
LOCUSS) we created a solid MOKA sample selecting for each ob-
served cluster all MOKA haloes at the nearest corresponding red-
shift with an estimated 2D mass consistent – at least within the error
bars – with the observed one. In selecting the MOKA clusters, in
order to be as consistent as possible with the real selection function,
we included additional selection criteria for each observed cluster
when more information was available, like: the size of the Einstein
radius, which is the case for the CLASH (Merten et al. 2014), the
SGAS (Oguri et al. 2012) and some high-z clusters (Sereno & Cov-
one 2013), the X-ray morphology for the CLASH sample (Postman
et al. 2012), or the optical shape for the SGAS sample (Oguri et al.
2012). For the LOCUSS sample, at the light of the work presented
by Richard et al. (2010), we selected only MOKA clusters with
an effective Einstein radius of at least 5 arcseconds (for sources at
zs = 2).

Based on the above criteria, we extracted 1024 CLASH-,
SGAS-, high-z-, and LOCUSS-like samples. Each sample was fit-
ted with the unweighted BCES(X

2

|X
1

) estimator (Akritas & Ber-
shady 1996). Since we performed unweighted regressions, the re-
sult is not particularly dependent on the adopted regression scheme.

The parameters of the c–M relations were finally estimated as the
bi-weight estimators of the distributions of best fitting parameters.
The theoretical predictions for the considered samples are sum-
marized in Table 7 and plotted in Fig. 3. We remark that the pre-
diction for the CLASH sample can not be directly compared with
Meneghetti et al. (2014), who also considered the redshift depen-
dence of the c–M relation. Constraints on mass and redshift evolu-
tion may be highly degenerate.

The interplay between baryons and dark matter, the presence
of the BCG, and mostly selection effects concur to significantly in-
crease the observed concentrations, mostly at smaller masses. As
a result the observed 2D c–M relations are much steeper than the
corresponding 3D relations for dark matter only halos, see Fig. 3.
Adiabatic contraction increases the density concentration in the in-
ner regions, mostly at lower masses where the effect of baryons is
larger (Fedeli 2012). Selection effects preferentially include over-
concentrated clusters. The concentration of strong lens clusters may
be larger by ⇠ 20�30 per cent than the average, at fixed mass (Gio-
coli et al. 2014). Clusters exhibiting a nearly circular morphology
in the plane of the sky are likely triaxial objects elongated along the
line of sight, for which the measured 2D concentration and mass
are significantly larger than the intrinsic 3D values (Hennawi et al.
2007; Oguri & Blandford 2009).
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compare with the X-ray morphology of the observed cluster when
available.

For each observed cluster sample (CLASH, SGAS, high-z and
LOCUSS) we created a solid MOKA sample selecting for each ob-
served cluster all MOKA haloes at the nearest corresponding red-
shift with an estimated 2D mass consistent – at least within the error
bars – with the observed one. In selecting the MOKA clusters, in
order to be as consistent as possible with the real selection function,
we included additional selection criteria for each observed cluster
when more information was available, like: the size of the Einstein
radius, which is the case for the CLASH (Merten et al. 2014), the
SGAS (Oguri et al. 2012) and some high-z clusters (Sereno & Cov-
one 2013), the X-ray morphology for the CLASH sample (Postman
et al. 2012), or the optical shape for the SGAS sample (Oguri et al.
2012). For the LOCUSS sample, at the light of the work presented
by Richard et al. (2010), we selected only MOKA clusters with
an effective Einstein radius of at least 5 arcseconds (for sources at
zs = 2).

Based on the above criteria, we extracted 1024 CLASH-,
SGAS-, high-z-, and LOCUSS-like samples. Each sample was fit-
ted with the unweighted BCES(X

2

|X
1

) estimator (Akritas & Ber-
shady 1996). Since we performed unweighted regressions, the re-
sult is not particularly dependent on the adopted regression scheme.

The parameters of the c–M relations were finally estimated as the
bi-weight estimators of the distributions of best fitting parameters.
The theoretical predictions for the considered samples are sum-
marized in Table 7 and plotted in Fig. 3. We remark that the pre-
diction for the CLASH sample can not be directly compared with
Meneghetti et al. (2014), who also considered the redshift depen-
dence of the c–M relation. Constraints on mass and redshift evolu-
tion may be highly degenerate.

The interplay between baryons and dark matter, the presence
of the BCG, and mostly selection effects concur to significantly in-
crease the observed concentrations, mostly at smaller masses. As
a result the observed 2D c–M relations are much steeper than the
corresponding 3D relations for dark matter only halos, see Fig. 3.
Adiabatic contraction increases the density concentration in the in-
ner regions, mostly at lower masses where the effect of baryons is
larger (Fedeli 2012). Selection effects preferentially include over-
concentrated clusters. The concentration of strong lens clusters may
be larger by ⇠ 20�30 per cent than the average, at fixed mass (Gio-
coli et al. 2014). Clusters exhibiting a nearly circular morphology
in the plane of the sky are likely triaxial objects elongated along the
line of sight, for which the measured 2D concentration and mass
are significantly larger than the intrinsic 3D values (Hennawi et al.
2007; Oguri & Blandford 2009).
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If  we neglect the correlation between measurements (‘fit- bias’), results are in agreement with previous analyses, apart for the remaining 
minor differences in the fitting procedure. The slope β is biased toward the main degeneracy between the measured parameters. The effect 
is significant for the samples we analyzed. Neglecting the correlation between mass and concentration, estimated slopes are steeper by ∆β 
=0.33 and 0.23 for the SGAS and LOCUSS sample, respectively. 
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Figure 1. Concentration, c
200

, versus mass, M
200

. The black points mark the data, the blue graphics represent the fit to the data, and the red graphics represent
the theoretical predictions for the observed samples. The thick black line represents the results from the fit to the stacked profiles. It encloses the 1-� confidence
regions for two parameters. The thick, thin and dashed blue lines correspond to the ‘fit-lin’, ‘fit-log’ and ‘fit-bias’ regression procedure, respectively. The blue
area encloses the 1-� region of the ‘fit-lin’ regression. The thick red line corresponds to theoretical prediction based on the c–M by Zhao et al. (2009) and a
Hernquist profile for the BCG galaxy. The top left, top right, bottom left and bottom right panels illustrate the relation for the CLASH, the SGAS, the high-z,
and the LOCUSS samples, respectively. For the LOCUSS panel (bottom right), empty circles denote clusters in the regular sub-sample and the thick-dashed
line corresponds to the ‘fit-lin’ regression of the regular sub-sample.

plementation of the halo triaxiality, the substructures distribution,
the presence of the BCG, and the baryonic physics.

To create a cosmological cluster sample, we randomly draw
halo masses from the Sheth & Tormen (1999) mass function saving
all haloes above 1014M�/h. For six different redshifts (0.19, 0.29,
0.35, 0.45, 0.55, and 0.90), the number of haloes is created to match
the count of collapsed objects present on the whole sky between z�
�z/2 and z +�z/2 (with �z = 0.01). To increase the statistical
sample, for each redshift we performed eight different realizations.
The final number of clusters for each redshift bin is 15053, 27222,
34009, 41853, 45510, and 36499, respectively.

We considered two input c–M relations for the dark-matter
halos: i) ‘ZH09DM’, in which the concentrations follow the em-
pirical model developed in Zhao et al. (2009, ZH09) and based on
the mass accretion histories of dark matter halos; i) ‘BH13DM’, in
which the mass and concentration are related through the relation
found in Bhattacharya et al. (2013, BH13) and based on gravity-
only simulations.

Once the cluster mass samples have been created, we run the
MOKA code for each redshift with different input parameters, cre-
ating three simulated samples:

‘ZH09H’, in which the input c–M follows ‘ZH09DM’, and the
BCG follows an Hernquist (1990, H) profile;

‘ZH09J’, where the input c–M follows ‘ZH09DM’, and the
BCG follows a Jaffe (1983, J) profile;

‘BH13H’, where the c–M goes like ‘BH13DM’ and the BCG is
modelled with an Hernquist profile.

As done in Giocoli et al. (2014), during each run we com-
puted the convergence, the reduced tangential shear and the poten-
tial maps of the whole triaxial and substructured cluster. We then
randomly located in the field of view, that goes up to the cluster
virial radius, a sample of background galaxies with a density of 30
galaxies per arcminute2 and extracted the reduced tangential shear
profile. 2D mass and concentration were finally computed through
a best fit procedure based on the NFW functional, see Eq. (2). The
high density of background sources was chosen because we are
more interested in studying how selection and other physical ef-
fects affects the c–M relation rather than estimating the accuracy
which the projected relation can be recovered within.

For each MOKA cluster we also extracted the information
about the size of the Einstein radius, the shape of the projected
mass density and the potential ellipticity within R

500

that we could
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Figure 1. Concentration, c
200

, versus mass, M
200

. The black points mark the data, the blue graphics represent the fit to the data, and the red graphics represent
the theoretical predictions for the observed samples. The thick black line represents the results from the fit to the stacked profiles. It encloses the 1-� confidence
regions for two parameters. The thick, thin and dashed blue lines correspond to the ‘fit-lin’, ‘fit-log’ and ‘fit-bias’ regression procedure, respectively. The blue
area encloses the 1-� region of the ‘fit-lin’ regression. The thick red line corresponds to theoretical prediction based on the c–M by Zhao et al. (2009) and a
Hernquist profile for the BCG galaxy. The top left, top right, bottom left and bottom right panels illustrate the relation for the CLASH, the SGAS, the high-z,
and the LOCUSS samples, respectively. For the LOCUSS panel (bottom right), empty circles denote clusters in the regular sub-sample and the thick-dashed
line corresponds to the ‘fit-lin’ regression of the regular sub-sample.

plementation of the halo triaxiality, the substructures distribution,
the presence of the BCG, and the baryonic physics.

To create a cosmological cluster sample, we randomly draw
halo masses from the Sheth & Tormen (1999) mass function saving
all haloes above 1014M�/h. For six different redshifts (0.19, 0.29,
0.35, 0.45, 0.55, and 0.90), the number of haloes is created to match
the count of collapsed objects present on the whole sky between z�
�z/2 and z +�z/2 (with �z = 0.01). To increase the statistical
sample, for each redshift we performed eight different realizations.
The final number of clusters for each redshift bin is 15053, 27222,
34009, 41853, 45510, and 36499, respectively.

We considered two input c–M relations for the dark-matter
halos: i) ‘ZH09DM’, in which the concentrations follow the em-
pirical model developed in Zhao et al. (2009, ZH09) and based on
the mass accretion histories of dark matter halos; i) ‘BH13DM’, in
which the mass and concentration are related through the relation
found in Bhattacharya et al. (2013, BH13) and based on gravity-
only simulations.

Once the cluster mass samples have been created, we run the
MOKA code for each redshift with different input parameters, cre-
ating three simulated samples:

‘ZH09H’, in which the input c–M follows ‘ZH09DM’, and the
BCG follows an Hernquist (1990, H) profile;

‘ZH09J’, where the input c–M follows ‘ZH09DM’, and the
BCG follows a Jaffe (1983, J) profile;

‘BH13H’, where the c–M goes like ‘BH13DM’ and the BCG is
modelled with an Hernquist profile.

As done in Giocoli et al. (2014), during each run we com-
puted the convergence, the reduced tangential shear and the poten-
tial maps of the whole triaxial and substructured cluster. We then
randomly located in the field of view, that goes up to the cluster
virial radius, a sample of background galaxies with a density of 30
galaxies per arcminute2 and extracted the reduced tangential shear
profile. 2D mass and concentration were finally computed through
a best fit procedure based on the NFW functional, see Eq. (2). The
high density of background sources was chosen because we are
more interested in studying how selection and other physical ef-
fects affects the c–M relation rather than estimating the accuracy
which the projected relation can be recovered within.

For each MOKA cluster we also extracted the information
about the size of the Einstein radius, the shape of the projected
mass density and the potential ellipticity within R

500

that we could
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If  we neglect the correlation between measurements (‘fit- bias’), results are in agreement with previous analyses, apart for the remaining 
minor differences in the fitting procedure. The slope β is biased toward the main degeneracy between the measured parameters. The effect 
is significant for the samples we analyzed. Neglecting the correlation between mass and concentration, estimated slopes are steeper by ∆β 
=0.33 and 0.23 for the SGAS and LOCUSS sample, respectively. 
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Figure 3. Theoretical predictions for concentration, c
200

, versus mass, M
200

. The red graphics represent the theoretical predictions for the observed samples,
the green lines the intrinsic c–M relations for dark matter haloes, and the blue line represents the ‘fit-lin’ regression to the real data. The blue area encloses
the 1-� region for the ‘fit-lin’ case. The thick, thin, and dashed red lines correspond to ZH09H, BH13H, and ZH09J (see Sec. 5 for details), respectively. The
thick and thin green lines correspond to the input c-M relations of ZH09DM and BH13DM at the median redshift of the sample, respectively. The top left, top
right, bottom left and bottom right panels illustrate the results for the CLASH, the SGAS, the high-z, and the LOCUSS sample, respectively.

The shape of the BCG plays a role too. A BCG modelled as
a Jaffe profile steepens the c–M relation more than a Hernquist
model. If the c–M is modelled after Bhattacharya et al. (2013), the
expected slope is slightly flatter than in the case based on Zhao et al.
(2009). These variations are within the statistical uncertainties.

We found that predicted theoretical slopes are in very good
agreement with observations, see Table 7. The CLASH and the
SGAS samples are slightly over-concentrated but still consistent
within errors with predictions. Sources of possible disagreement
are discussed in the next section.

Apart from the LOCUSS sample, observed scatters are smaller
than the predicted values, but as for the normalization, the differ-
ence is not statistically significant.

6 DISCUSSION

In this section, we review some additional aspects that impact the
c–M relation. We first discuss some problematics concerning the
process of measurement and then some theoretical aspects.

6.1 Multiple matter components

The concentration relates a global property of the cluster, r
200

, to
the local slope in the inner region. A concentration can be attributed
to any form of density profiles by defining it as the ratio of the outer
‘virial’ radius and the radius at which the logarithmic slope is -2.

The concept itself of concentration might be then ill-defined in
irregular clusters. In fact, the measurements and the properties of
the concentration are strongly dependent on the assumed halo shape
for complex morphologies (Dutton & Macciò 2014; Meneghetti
et al. 2014).

A further complication is provided by the differentiated nature
of the cluster components. The baryons are distributed among intr-
acluster stars, galaxies, a possible dominant BCG, which contribute
to the total matter density mainly in the inner regions, and diffused
hot gas. In relaxed clusters, the gas follows the gravitational po-
tential and its distribution has a rounder shape and a flatter slope
than the dark matter. In merging clusters, the gas may be displaced
from the baryons and the dark matter, which makes the definition
of concentration even trickier.

Whereas in numerical simulations and semi-analytical studies
it is more immediate to define a global halo and to study its proper-
ties, the complex nature of the real clusters may be better addressed
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. The red graphics represent the theoretical predictions for the observed samples,
the green lines the intrinsic c–M relations for dark matter haloes, and the blue line represents the ‘fit-lin’ regression to the real data. The blue area encloses
the 1-� region for the ‘fit-lin’ case. The thick, thin, and dashed red lines correspond to ZH09H, BH13H, and ZH09J (see Sec. 5 for details), respectively. The
thick and thin green lines correspond to the input c-M relations of ZH09DM and BH13DM at the median redshift of the sample, respectively. The top left, top
right, bottom left and bottom right panels illustrate the results for the CLASH, the SGAS, the high-z, and the LOCUSS sample, respectively.

The shape of the BCG plays a role too. A BCG modelled as
a Jaffe profile steepens the c–M relation more than a Hernquist
model. If the c–M is modelled after Bhattacharya et al. (2013), the
expected slope is slightly flatter than in the case based on Zhao et al.
(2009). These variations are within the statistical uncertainties.

We found that predicted theoretical slopes are in very good
agreement with observations, see Table 7. The CLASH and the
SGAS samples are slightly over-concentrated but still consistent
within errors with predictions. Sources of possible disagreement
are discussed in the next section.

Apart from the LOCUSS sample, observed scatters are smaller
than the predicted values, but as for the normalization, the differ-
ence is not statistically significant.

6 DISCUSSION

In this section, we review some additional aspects that impact the
c–M relation. We first discuss some problematics concerning the
process of measurement and then some theoretical aspects.

6.1 Multiple matter components

The concentration relates a global property of the cluster, r
200

, to
the local slope in the inner region. A concentration can be attributed
to any form of density profiles by defining it as the ratio of the outer
‘virial’ radius and the radius at which the logarithmic slope is -2.

The concept itself of concentration might be then ill-defined in
irregular clusters. In fact, the measurements and the properties of
the concentration are strongly dependent on the assumed halo shape
for complex morphologies (Dutton & Macciò 2014; Meneghetti
et al. 2014).

A further complication is provided by the differentiated nature
of the cluster components. The baryons are distributed among intr-
acluster stars, galaxies, a possible dominant BCG, which contribute
to the total matter density mainly in the inner regions, and diffused
hot gas. In relaxed clusters, the gas follows the gravitational po-
tential and its distribution has a rounder shape and a flatter slope
than the dark matter. In merging clusters, the gas may be displaced
from the baryons and the dark matter, which makes the definition
of concentration even trickier.

Whereas in numerical simulations and semi-analytical studies
it is more immediate to define a global halo and to study its proper-
ties, the complex nature of the real clusters may be better addressed
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If  we neglect the correlation between measurements (‘fit- bias’), results are in agreement with previous analyses, apart for the remaining 
minor differences in the fitting procedure. The slope β is biased toward the main degeneracy between the measured parameters. The effect 
is significant for the samples we analyzed. Neglecting the correlation between mass and concentration, estimated slopes are steeper by ∆β 
=0.33 and 0.23 for the SGAS and LOCUSS sample, respectively. 



take home messages

• 3D and 2D halo properties 
differ: multi component mass 
modelling, triaxiality;  

• direct comparisons - theory vs 
observations - should be 
avoided: selection effects 
and statistical biases need to 
be properly taken into 
account;

Cosmology: 

concentration-mass 
relation of  

dark matter haloes


